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OF FINITE-DIMENSIONAL HOPF SUPERALGEBRAS
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ABSTRACT. The purpose of this paper is to describe supermodule, su-
percomodule and supermodule superalgebra structures of finite dimen-
sional Hopf superalgebras. In particular, it aims to enhance the work
on classification of finite-dimensional Hopf superalgebras considered by
Aissaoui and Makhlouf. Moreover, we discuss twist deformations and
2-cocycle deformations, extending to Zs-grading case Drinfeld’s theory
and the work by Giaquinto and Zhang. Furthermore, applications are
provided.

2020 MATHEMATICS SUBJECT CLASSIFICATION. 16T05,16T10,16T15,16W50.

KEYWORDS AND PHRASES. superalgebra, superbialgebra, Hopf super-
algebra, supermodule, supercomodule, supermodule superalgebra, 2-
cocycle, twist, deformation.

INTRODUCTION

Modules or supermodules over superalgebras have applications in a wide
range of mathematical and physical fields. They provide a means to study
the notion of supersymmetry in theoretical physics and can be viewed as a
generalization of vector superspaces over a field. In the language of category
theory, the class of all supermodules over a superalgebra forms a category
with supermodule homomorphisms as the morphisms. This category is a
symmetric monoidal closed category under the super tensor product whose
internal Hom functor is given by Hom. We refer for basics to [7, 11, 15, 16,
17, 19].

Superbialgebras and Hopf superalgebras are not extensively studied, a
classification of finite dimensional Hopf superalgebras up to dimension 4
was established by Aissaoui and Makhlouf [1]. In dimension 4, it is shown
that there is five non pairwise isomorphic Hopf superalgebras, while for Hopf
algebra we do have only four. As a general result we mention the study of
pointed Hopf superalgebras by Andruskiewitsch, Angiono and Yamane in [2].
There is moreover some results in connection with quantum supergroups, see
for example [6].

Twisting elements were introduced by Drinfeld [9] on quasi-Hopf algebras,
in order to twist the coproduct without changing its product. They have
become an important tool in the classification of finite dimensional Hopf
algebras. Many works are focused on the construction of new algebras by
using twisting method. Giaquinto and Zhang [12] studied a twist applied to
algebra structure, they obtain a new algebra by twisting the multiplication
of a given algebra. Dually, 2-cocycle deformations is a way to modify an
algebraic structure by introducing a new operation that satisfies a 2-cocycle
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condition. This concept is widely used in different areas of mathematics to
study deformations of algebraic structures and their properties. A 2-cocycle
deformation of a superbialgebra is one where the coproduct is unchanged,
while a new multiplication is defined via a formula which only depends on
the initial multiplication and on a 2-cocycle ¢ of superbialgebra. The rela-
tionship between Drinfeld twists and 2-cocycles is that every Drinfeld twist
corresponds to a 2-cocycle, and every 2-cocycle corresponds to a Drinfeld
twist. This duality is known as the Drinfeld twist theorem, and it plays an
important role in many areas of mathematics and physics, including quan-
tum field theory, quantum groups and noncommutative geometry.

In this paper, we aim to study supermodule and supercomodule struc-
tures of finite dimensional Hopf superalgebras. In particular, we determine
low dimensional supermodule, supercomodule and supermodule superalge-
bra structures for all Hopf superalgebras obtained in the classification estab-
lished in [1]. Moreover, we study 2-cocycle deformations and twist deforma-
tions. In particular, we provide appropriate definitions and generalize the
theorem given by Giaquinto-Zhang [12] in the Zo-grading case. Furthermore,
we show some applications.

The paper is organized as follows. In Section 1, we review definitions and
properties of superbialgebras and Hopf superalgebras, also we recall the clas-
sification of 4-dimensional Hopf superalgebras established in [1]. In Section
2, we introduce and discuss properties of supermodule, supercomodule and
supermodule superalgebra structures. We describe all the low-dimensional
ones for all Hopf superalgebras obtained in the classification given by [1]. In
Section 3, we study deformations based on Drinfeld twisting. We generalize
to Zo-grading case the construction of a new multiplication along a twisting
on a B-supermodule superalgebra, where B is a superalgebra, see [12] for
the nongraded case. In the last section, we deal with a dual version, consid-
ering 2-cocycles to construct new multiplications. These sections includes
applications involving examples from previous classifications.

Throughout this paper, we work over K, an algebraically closed field of
characteristic zero. We will denote the supermodule and supermodule super-
algebra structure by > and supercomodule structure by p. For simplicity, we
will just use the term supermodule (resp. supercomodule and supermodule
superalgebra) as a synonym of left supermodule (resp. left supercomodule
and left supermodule superalgebra). Notice also that all the morphisms
considered in this paper are even.

1. PRELIMINARIES

In this section, we provide some basics, definitions and properties of su-
perbialgebras and Hopf superalgebras [3, 13, 18]. Moreover, we recall the
classification of 4-dimensional Hopf superalgebras given in [1].

1.1. Definitions and Properties. A superspace A is a Z/2Z-graded vec-
tor space A = Ay ® A; such as Ay is the even part and A; is the odd part.
The elements of Ay (resp. of A;) are called even homogeneous (resp. odd
homogeneous). We set |a| = deg(a) = 0 if a € Ag and |a| = deg(a) = 1 if
a € Ay. Notice that in the sequel all superspace morphisms are considered
to be even.
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Definition 1.1. A superalgebra is a triple (A, u,m) consisting of a super-
space A, a product p: AR A — A and a unit n : K — A, which are two
morphisms satisfying the two following properties:

1. the product p is associative i.e. po (u®idg) = po (ida @ ),

2. the unit axiom i.e. pon®idg = poidg .

The unit map 7 is sometimes denoted by 1, when there is no confusion.

We say that a superalgebra A is commutative if the product satisfies
poT = p, where 7 is a flip map, that is u(a ® b) = (=1)1*l (b © a) for all
a,be A

Let (A,pa,n4) and (B, pup,np) be two superalgebras. A superalgebra
morphism is a linear map f : A — B such that fouy = upof®f and f®

NA =1B.
Definition 1.2. A supercoalgebra is a triple (C, A, €) consisting of a super-
space C, a coproduct A : C'— C®C and a counit n : K — A which are two
morphisms satisfying the two following properties:
1. the coproduct A is coassociative i.e. (A ®idc)o A = (ido ® A) o A,
2. the counit axiom i.e. (e ®idc)o A= (ido ®e€)o A.

We use Sweedleer’s notation for the coproduct, we set for all x € C

Az) = Zx(l)@)x(g), (A®id)oA(x) = (id@A)oA(z) = Zw(l)@)m@)@x(g).
() (2)

We say that a supercoalgebra C' is cocommutative if the coproduct sat-
isfles A o7 = A, where 7 is a flip map, that is A(z) = Z(w) Ty ® T9) =
Z(z)(—l)‘z(l)”z@)'w(g) @ T(1) for all z € C'.

Let (A, pa,n4), (B,up,n5) be two supercoalgebras. A supercoalgebra
morphism is a linear map f : A — B such that f® fo Ay = Ao

f and epof=e€qu.
Definition 1.3. A superbialgebra is a tuple (A, p,n, A, €), where (A, p,n) is

a superalgebra and (A, A, €) is a supercoalgebra such that one of the following
equivalent conditions is satisfied:

(1) A:A— A® A and € : A — K are superalgebra morphisms.
2 p:ARA— Aandn:K— A  are supercoalgebra morphisms.
In other words, A ( resp. ¢) satisfies the following compatibility conditions

Aop=(p@p)o(lda@r®Ids)o (A®A), Aon=nxmn,

(resp. eopu=pgo(e®e), eon=ridg),
where pg is the multiplication of K.

The second condition says that the unit element €{ is a grouplike element,
that is A(ed) = e @ €.

Definition 1.4. The convolution superalgebra of a supercoalgebra (C, A, ¢)
and a superalgebra (A, u,m) over K is the superspace Hom(C, A) with prod-
uct defined by

frg=po(f®@g)oA.
for all f,g € Hom(C, A) and identity noc.
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Definition 1.5. A Hopf superalgebra is a superbialgebra (A, pu,n, A, €) ad-
mitting an antipode, that is a morphism S : A — A which satisfies the
following condition :

MO(S(X)ZdA)OA:/,LO(ZdA(X)S)OA:noe
A Hopf superalgebra is denoted by a tuple H = (A, u,n, A€, S).

Let (A, p,n, A€, S) be a Hopf superalgebra and S its antipode, then we
have the following properties:
(1) Sop = po1o(S®S), (2) Son=1n,(3) oS =¢, (4) To(S®S)oA = Ao,
(5) If A is commutative or cocommutative then SoS =1, where I : A — A
is the identity map.

Example 1.6 ([13]). The universal enveloping algebra U(g) of a Lie su-
peralgebra g has a structure of cocommutative Hopf superalgebra, with the
coproduct defined by A(z) =z @1+ 1Qx, counit by (1) =1, e(x) =0 and
antipode by S(x) = —x for all x € g. We extend these definitions to all ele-
ment of U(g) by linearity and compatibility condition. Note that o A = A
and S? =1.

1.2. Classification of low dimensional Hopf superalgebras. In this
section, we recall the classification of n-dimensional Hopf superalgebras,
with n = 2,3, 4, given in [1].

First, notice that connected n-dimensional Hopf superalgebras, that is Hopf
superalgebras such that dim Ay = 1, exist only when n =1 or 2.

Theorem 1.7. Every non-trivial 2-dimensional Hopf superalgebra is iso-
morphic to the 2-dimensional Hopf superalgebra H=K[z]/(2?) with deg(r) =
1 and such that

Alz)=1z+z1, €x)=0, Sx)=-=z.
Theorem 1.8. There is no non-trivial 3-dimensional Hopf superalgebra.
Theorem 1.9. Every non-trivial 4-dimensional Hopf superalgebra, where

dim Ay = 3, is isomorphic to the 4-dimensional Hopf superalgebra Ho=
K[z,y]/(z% + y* — 1,2y) with deg(x) = 0, deg(y) = 1 and such that

Al@)=2@z—-ay®y, €z)=1 S)=u,
Aly)=z@y+ty®z, ey =0, S =ay,
where « is a primitive 4" root of unity.
Every non-trivial 4-dimensional Hopf superalgebra, where dim Ay = 2, is

isomorphic to one of the following pairwise non-isomorphic Hopf superalge-
bras:

(1) H1 = K[z,y] /(2 —x,y?) with deg(x) = 0, deg(y) = 1 and such that

Alz)=1@z+2z1-2zz, Aly)=10y+yx1,
e(z) = e(y) =0, S(x) =z, S(y) = —y.
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(2) Ho =Kz, y)/(2® — x,y°, 2y + yx — y) with deg(x) = 0, deg(y) =1
and such that

Alz)=1@z+201-2z@z, Al =10y+y®l1—-2x0y -2y,

e(x) = e(y) =0, S(x) ==z, S(y) =v.
(3) Hy = K(z,y)/(x?,y? xy + yx) with deg(z) = deg(y) = 1 and such
that
Alz)=10z+2®1, AlyY)=10y+y®1,

e(x)= ely) =0,  S(x)=-=z S(y) =—v.
(4) Hy =K[z,y] /(2% —x,y?) with deg(z) = 0, deg(y) = 1 and such that
Alz)=1z+2z1-2zz, AlyY)=10y+yR1—-22Qy,
e(x) = e(y) =0, S(x) =z, S(y) = —y + 2y,
where K{x,y) stands for noncommutative polynomials.

1.3. Supermodules and Supercomodules. In this section, we define su-
permodule, supercomodule and supermodule superalgebra structures over
Hopf superalgebras. Then we construct all low dimensional supermodules,
supercomodules and supermodule superalgebras for Hopf superalgebras ob-
tained in the classification established in [1] and recalled in the previous
section.

We will use just the term supermodule (resp. supercomodule and super-
module superalgebra) as a synonym of left supermodule (resp. left superco-
module and left supermodule superalgebra).

Definition 1.10. A supermodule over a superalgebra (A, pa,na) is a pair
(V,1>) consisting of a superspace V over K and a morphism > : AQV — V
such that the following identities hold for all a,b € A andv € V

(1.1) (ab)>v = ab>(b>wv).

(1.2) yp>v = w.

Remark 1.11. (1) A supermodule over a K-superalgebra A can be de-
fined equivalently as a pair (V, ) of a K-superspace V' and a super-

algebra homomorphism ¢ : A — Endg (V).
(2) A supermodule homomorphism is a morphism f : V — W such

that
(1.3) foby = I>WO(id®f).
(3) If (V,>v) and (W,>w) are supermodules over K-superalgebras A
and B, then

> : (ARB)Q(VRW) — VaW, (aob)>(vaw) = (—1)1 (asyo)@ (b ww)
defines an A ® B-supermodule structure on V @ W.

Definition 1.12. A supercomodule over a supercoalgebra (C,Ac,ec) is a
pair (V, p) consisting of a superspace V over K and a morphism p : V —
C ®V such that the following identities hold for allv € V

(1.4) (idop)opw) = (Ac®id)op(v).
(1.5) (ec®id)opv) = lg®w.
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Remark 1.13. We use the Sweedler’s notation and set, for a supercomodule
map p:V — CQV, p(v) = Z(U) V(1) ® v(2), where v(yy is interpreted as
an element of C, vy as an element of V' and Z(U) as a finite sum over
elements of C ® V.. By definition of a supercomodule, one then has

(id@p)op(v) =D v @V D e = Y v D) O e
®

)
= v ® vy @ v = (Ac @ id) o p(v).
)

Z(U) 60(1}(1)) ® vy = g ®v.
A supercomodule homomorphism is a morphism f:V — W such that
(1.6) (id® f)opv = pwo f.

Definition 1.14. Let H be a superbialgebra or a Hopf superalgebra. A su-
permodule superalgebra over H is a superalgebra (A, pa,na) together with an
H -supermodule structure > : H® A — A such that the following identities
hold for allh € H and a,a’ € A

(1.7) he>(ad) = Y (-Dreled(hg) e a)(he > d),
(h)
(1.8) h-1y = e(h)la.

Remark 1.15. (1) Every Hopf superalgebra H is a supermodule super-
algebra over itself with the adjoint action

Dug: HRH — HhQk— h>ygk = Z(_1)|h(2)”k|h(1) k- S(h(g))
(h)
(2) Let H be a superbialgebra over K, A be a superalgebra over K, and

suppose that f € Hom(H, A) is a superalgebra morphism with con-
volution inverse. Then A is an H-supermodule superalgebra where

ha=Y (DM@l f(hg))af(he),  VheHVae A
(h)

2. TOWARDS CLASSIFICATION OF SUPERMODULES, SUPERCOMODULES
AND SUPERMODULE SUPERALGEBRAS

We aim in the section to determine the structures of supermodule (resp.
supercomodule, supermodule superalgebra) over a superalgebra (resp. su-
percoalgebra, Hopf superalgebra). A supermodule (resp. supercomodule,
supermodule superalgebra) is identified by its structure constants with re-
spect to a fixed basis. It turns out that the axioms of a supermodule struc-
ture (resp. supercomodule structure, supermodule superalgebra structure)
can be translated into a system of polynomial equations. The resolution of
the polynomial equations system lead to a description of these structures.

Let (A, pa,m4) be a superalgebra of dimension n = ng + ny, where ng
is the even part dimension and n; is the odd part dimension. Let V be a
superspace of dimension m = mg+mq, where my is the even part dimension
and m; the odd part dimension.

We set {€5}s=01:i=1,...n, De a basis of A and {vg}qzo,l;pzlwmq be a basis of
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V. We identify the multiplication p4 and the action > with their structure

constants C(Z )0 and Mé’s)(p’q) respectively, where

pale; ® ez-) =e;- ez» = ZC&S)(L@@Z with r = (s 4+ t)mod[2],
h=1

mz
e > vl = ZM@S)(p,q)vz with z = (s + ¢)mod|[2].
k=1
The collection {MZ Y

sent a supermodule over A if the action > satlsfy Conditions ((1.1),(1.2))
which translate to the following polynomial equations:

} with s, =0,1;4 = 1,...,ns,p = 1, ..., my repre-

Condition (1.1) expresses as

ny m.s

1 h
M,y p.0)Clis) i) Z M 5y Mty (pra) = 0
h=1 —

where s,t,g=1{0,1}3,i=1,...,n5,j=1,...,n5, p=1,...,my,
= 1,... 7m(s+t+q)mod[2]7z’ = (ﬁ + q)mod[Q].

Condition (1.2) expresses as

P _ k .
MG oypg =1 Maopg =0 when k £ p,

where ¢ = {0,1}, p=1,...,mg, k=1,...,m,.

Let (C,Ac,ec) be a supercoalgebra of dimension n = ng + ny. Let
{e'}i=0,1;i=1,...n, De a basis of C' and {v}}4=0,1;p=1,...m, De a basis of V. We
identify the Comultiphcatlon A¢, counit ec and the coaction p with their
structure constants D( (k) , 50 and R“W™ respectively, where

(p.a)
Ng nt
ZZZD ff))(k)eﬁ ® el with t = (I + s)mod[2].
s=0 j=1 k=1

¢ ifl=0andi#1,
=<0 ifi=1,
1 ifl=0andi=1.

MNw My

p(vq Z ZZR(M w) (k) e ®Uh with 7 — (q +w)mod[ }

w=0u=1h=1

The collection {R(uw } with ¢, w =0,1;u=1,...,ny,p = 1,...,mq repre-
sent a supercomodule if the coaction p satisfy Condltions ((1.4),(1.5)), which
translates to the following polynomial equations:

Condition (1.4) expresses as

ZR(bs " aO) Z D )(t) =0,

Z'=1

341
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where ¢,s' = {0,1}%, p = 1,...,mq, a = Lo N4 D)modjz)s 0 = 1,0y g,
t = 1, ---vm(q+s’)mod[2]-

M(g+1)mod|2]

(b.s)(t") (a.1)(2)
Y. B mear B

z=1
(s’ 4+1)mod[2
_ Z D( 1)) (=',(s"+1)mod2)(¢) _
(21,(s'+1)mod[2]) " "(p,q) ’
/=1

where ¢,8' = {0,1}%, p = 1,..,mq, a = 1,.,n1, b = 1, ng, t' =

L., M(g+s'+1)mod[2]
Condition (1.5) expresses as

10) D)0 _
*ZR(M & =1,

)(h
(pq()—l-ZR( )f;):O, when h # p,
where ¢ = {0,1}, p=1,...,mq, h =1, ...,mq.

Let H be a Hopf superalgebra of dimension n = ng +ni. Let (4, pa,n4)
be a superalgebra of dimension m = mg + my. We set {€f}s=01:i=1,..,n, tO
be a basis of H and {vf}g=01.p=1,... m, t0 be a basis of A. We identify the
comultiplication and counit of H multiplication of A and the action > with

their structure constants D , 50 Ckl and M(l ) m:a) respectively.

q) (u,w)

Condition (1.7) expresses as
mon My Nns Nt

Z ZZZZ DI DI M o Mty sy Clor oy )

h'"=1h'=1s=0 j=1 k=1

_Zcpq)uwM(ll k) =0,
k=1

where a = 1, ..., M1 g4wmod2)s 2 = (s + g)mod[2], 2" = (t + w)mod|[2],

Condition (1.8) expresses as

& sil=0eti#£l,
1 .
M(l,l)(l,o) = 0 S1 l = 17

1 sil=0eti=1
and
where [ = {0,1}, i =1,...n;, k=1,...,my
Let f : V — V be a morphism which ensure the transportation of the struc-

. . m,

ture. We set, with a basis {v}}g=0,1p=1,...m, of V, f(vg) = >, T(’;q)vg
Two supermodules, given by their structure constants, are isomorphic if
there exist matrices (T(]z 0) T(lz 1))¢,k defining a supermodule morphism with
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respect to the basis, that is satisfying det(T* (1,0 )) det(Tk ) # 0 and Condi-
tion (1.3).

Let Vi = (V,1>1), Vo = (V,1>2) be two supermodules. We set, with respect
to a basis {€]}s=0,1;p=1,...n, Of A,

my
€; >1 v} Z M&S)(p,q)vg with r = (s 4+ ¢)mod[2].

e >9 vg = Z N(};’S)(pyq)v; with 7 = (s + ¢)mod[2].

Condition (1.3) expresses as

my

h z _ —
Zqu (is)(k,q) ZN(ivs)(p,q)T(hw) =0, where z=1,..,m,.

h=1
Two supercomodules, given by their structure constants, are isomorphic
if there exist matrices (T(Iz 0y (Iz 1))ik defining a supercomodule morphism
with respect to the basis, that is satisfying det(TF (.0) ) - det( ) # 0 and
Condition (1.6).
Let Vi = (V, p1), Va = (V, p2) be two supercomodules. We set, with respect
to a basis {6‘;}320 L;j=1,...ns of C,

Ns My

pr(v}) = ZZZR $)(h) ei @ vy, with r = (s + ¢)mod[2].
s= 0] 1 h=1
Ns My

pa(v}) = ZZZL e ® vy, with r = (s 4+ ¢)mod[2].

s=0 j=1 h=1

Condition (1.6) expresses as

z )(h
ZTM @ ZL MWz =0, with z=1,.

Notice that the sets of m—d1mens1onal supermodules, supercomodules and
supermodule superalgebras provide algebraic varieties given by polynomial
equations systems.

They are embedded in the affine space Knromg+nomi+2nomomi

2.1. Low dimensional supermodules, supercomodules and super-
modules superalgebras. We provide in the following the supermodule,
supercomodule and supermodule superalgebra structures over the 2-dimen-
sional Hopf superalgebra H and the 4-dimensional Hopf superalgebra .
The same is done for other Hopf superalgebras H1, Ho, H3 and H4 and pre-
sented in the Appendix (see page 23). Note that all the obtained structures
are non-isomorphic.

The superalgebra structure of H is defined as a quotient K[x]/(2?), with
deg(x) = 1. Consider a basis {1,z} and relations 2% = 0, the Hopf superal-
gebra H is defined by the following comultiplication, counit and antipode

Alz)=1z+z®1, €x)=0, Sx)=-=z.
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2.1.1. Low dimensional supermodules over H. Let V be a superspace
of dimension m = mg + mq, where myq is the even part dimension and mq
is the odd part dimension. Let {v}} be a basis of V, where ¢ € {0,1},p €
{1,---,mgq}. In the sequel, oy and ap denote parameters in K.

Proposition 2.1. The supermodule structures over H are defined in the
different cases as follows.

e Case mg =1, m; = 0. 1l>v(1):v?.
e Case mop =0, my =1. 1>v} =0}

Proposition 2.2. The supermodule structures over H are defined in the
different cases as follows.

e Case mg =2, m; =0. 1l>v(1):v?,1l>v(2):v8.
e Casemp =0, my =2. 1>vl =vl,1>0l =0l

e Case mg=1, m; = 1.

D) z>vi =,z =0, (2) 2> =avi,z>0vf =0.

Proposition 2.3. The supermodule structures over H are defined in the
different cases as follows.

e Casemp =3, my =0. 1>1) =0, 1>0) =09, 11> 0§ =1].
e Casemp=0, m;=3. 1>v] =v],1>v} =0}, 1>0vi =0l

e Case mg =1, m; = 2.

(1) 20! = apl,z>vd = a0l 200 =0,  (2) 200 = v} +agvd, x>
vl =z>0) =0

e Case mg =2, m; = 1.

(1) 2> = g}, z>0) = agvl,z>0f =0, (2) 20 = a0 + agd, 21>
v? =x> vg =0.

2.1.2. Low dimensional supercomodules over H. Let V' be a super-
space of dimension m = mgy + my, where mgy is the even part dimen-
sion and m; is the odd part dimension. Let {vi} be a basis of V, where
g €{0,1},p € {1,--- ,my}. In the sequel, 4 and 72 denote parameters in
K.

Proposition 2.4. The supercomodule structures over H are defined in the
different cases as follows.

e Case mo=1, m; =0. p(v)) =1@.

e Case mg =0, m; =1. p(vi) =1®@vi.

Proposition 2.5. The supercomodule structures over H are defined in the
different cases as follows.

e Case mp =2, m; =0. p(v)) =1, p(v]) =1 ®19.

e Case mp =0, m; =2. p(v]) =1®@v},pvd) =1 .

e Case mg=1, m; = 1.

) p(o)) =1@ 0}, p(v]) = 1@ vl +pz@?,  (2) p(o]) = 1@ 0] + 112 ®
v, p(v) =1®vj.

Proposition 2.6. The supercomodule structures over H are defined in the
different cases as follows.

e Case mp =3, m; =0. p(v)) =1 ®vl, (v9) = ®1)2, (v9) =1 ®14.

e Case mp =0, m; =3. p(vi) =1®@v},pvd) =1®vi,pl) =12 vi.

e Case mg=1, m; = 2.
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®U% + 721 @Y.

(1) p(vf) =1@], (Ul)*1®7)1+71$®1’17 p(vy) =1
1®v],p(vy) = 1@v;.

(2) p(1}) =1@ 0] + 2 @ v] + ez @], p(v]) =
e Case mg =2, m; = 1.

(1) p(v)) = 1@ 0] + m1z @ v], p(v9) = 1@ V] + Yoz @ vi, p(v3) = 1@ v].

(2) p(0?) = 1@ v, p(v9) = 1 @5, p(vi) = 1@ v} + 12 @) + Y22 @ V3.

2.1.3. Low dimensional supermodule superalgebras over H. Let A
be a superalgebra of dimension m = mg + mq1, where mg is the even part
dimension and my is the odd part dimension. Let {v}} be a basis of A,
where g € {0,1},p € {1,--- ,mq}.

Proposition 2.7. The supermodule superalgebra structures over H are de-
fined in the different cases as follows.

e Case mp =1, my =0. v)0) =00, 1>0) =00, 2 >0 = 0.

Proposition 2.8. The supermodule superalgebra structures over H are de-
fined in the different cases as follows

e Casemp =2, my =0. (1) 30 =03, 1> =01 >0) =),z >0) =
x> 0] =0,

(2) W) =0, 1> 1) =, 1> 0] =), x>0 =2 > 0] = 0.

e Casemo=1, my = 1. viv} =0, 2> vl = A\, 2 >0 = 0.

Proposition 2.9. The supermodule superalgebra structures over H are de-
fined in the different cases as follows.

e Case mg =3, m; =0. 1> =) 1>0) =), 1>0) =03, z21>0) =
xl>v(2):xl>vg:().

e Casemg =1, my = 2. vivl = vlvd =vivl =vlvl =0, 2> =2 >0 =
x>vi=0.

e Case my = 2, m1 =1. (1) ¥Jv§ = v = v}v) = vivl =0, 2 >0 =
x>0 =0,2> 09 = \ovl,

(2) v90 = vdvl = i) =vivl =0, 2> =2 > 0] = 0,2 > v} = Ao,

(3) 909 = vl = 0] = 0,vfv] =09, 2>V =2 >0) = 0,2 > v] = A0,

(4) v30) = vivl =08 v = vl = vl 2> =2 > 08 = 0,2 > v = M\,
(5) v809 = 09, v = v} vivi = vl =0, 2>1) = 2ol = 0,200 = Ajol,

(6) v909 = 03,090 = vivd = vi,viv] =0, 2] = 2>0) = 0, z>0] = A0,

2.1.4. Low dimensional supermodules over Hy. The superalgebra struc-
ture of Hy is defined as a quotient K[z, y]/(z% +y? — 1, zy), with deg(z) = 0,
deg(y) = 1. Consider a basis {1,z,2%,y} and relations zy = yx = 0, y? =
1—a2, 23 = z, the Hopf superalgebra Hg is defined by the following comul-

tiplication, counit and antipode
Al@)=z@r—-ay®y, ca)=1, S()=uz,
Aly)=z@y+y®z, €y =0, Sl =ay,
where « is a primitive 42" root of unity.

Let V be a superspace of dimension m = mg + mq, where my is the even
part dimension and m; is the odd part dimension. Let {vi} be a basis
of V, where ¢ € {0,1},p € {1,--- ,mq}. In the sequel, aq and ay denote
parameters in K.

Proposition 2.10. The supermodule structures over Hy are defined in the
different cases as follows.
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e Case mg =1, m; = 0.

M)z =220 =), (2) 20 = -0, 22 > o) =f.
e Case mg =0, m; = 1.
(1) x>l =22 >0] =v}, (2) z2>0] = —v},22 > 0] =0}

Proposition 2.11. The supermodule structures over Ho are defined in the
different cases as follows.
e Case mg =2, m; =0.

(1) >0 =0 + a109, 22 > v =00, 2 > 0] = —08, 22 > 0] = v,
(2) 2> =22 > o) =) 2> 0] = a0 — 0], 22 > 0§ =0,
(3) x>0 = =¥ 2?2 > o) =00, 2 > 0) = a0l + 09, 22 > 0] = 0,
(4) 2> 00 = =) 2?2 > =0 2 > 0) = —0, 2% > 0] =1,

(5) 2> =22 >0) =)z > 0] = 2% > 0) =0,
e Case mg =0, m; = 2.
(1) 2ol =22 >0l = vl 2> 0) = aqv} — vl 22 > vl =0l

(2) z> v = —vl, 2?2 > ol =vl 20l = —vd 2 > vl =0,
(3) x> vl =2’ >0l = vl 2> 0] = 2% >0l =]

e Case mg=1, m; = 1.

(1) y> ¥ = g}, y> ol = %v?,xbv? =a>ovl =220} =22 o] =
0, (a1 #0),

(2) r> ) = =zl = v, 22> W) = o) 22 >l = vy =
y> v =0,

(3) x> = =), x>l = 22> oi = v}, 2?2 0) = 00yl =yl =0,

(4) x> = 2?0 =0, 2] = —v] 2P >o] = Ul,ybv? = yl>v% =0,

(5) z> v =2?> ) = z> vl =22 >ol = vl y> ) =y >0l =0.

Proposition 2.12. The supermodule structures over Hg are defined in the
different cases as follows.
e Case mg =3, m; = 0.
(1) « l>v1 = -, 2> 0] = 18,2 > 0] = a0 + agvd + 03,22 > o) =
vl, 22> 0§ =0l
2 > vg = vg
(2) 2> =22 =0 x>0 =22 >0 = 0], 22 >0 =0,z >0 =

alv? + agvg — vg,

(3) 2> 1) = ) + @103,z > 0] = =0,z > 1] = @l + 03,22 > o) =
v, 2% > 0§ =09, 2% > v zvg

(4) x>0l = fvl+a1vg,;rl>v = 22308 = 0], 2] = agvd 0], >0l =
00, 2% > 0§ =0,

(5) z>0? = = 2> 0] = o) + 09,2 > v = agel + 03,22 > ) =

v, 22 > 0§ = 09, 2% > v = 0]

(6) z>10) = 2200 =00, x>0 = 0¥ —0), 2> 0] = agel —0d, 22 >0) =
vY, 2% > 0§ = v,

(1) v = =, 2> 0] = 18, 2> 0§ = —03, 22 > o) = o) 22 > =
v9, 2% > 0§ = v,

8) z>v) =22 >0 =0 x> 0] = 22 > 0] =), x> 0] = 22 > 0] = ).

e Case mg =0, m; = 3.

(1) vl = vl +oqvl,z> vl = —vl 20l = agvd + 02?2 > 0] =

1,20, 1,1 270 1_"1
U1, 2% D> V5 = V3, %° D> Vg = V3
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(2)
3)
(4)

e Case

(1)

o Case

xlbvi = :c12l>v%1: v%,xbv% = alv%fv;xbv% = O(QU%*U%,.’L‘QDU% =
v2,mll>v3 :11}3 1 1 1 1,2 1 1,2 1
T> V] = U, T D> vy = —05,T > v3 = —vU3,x° >v] = 0,17 > vy =
1.2 1_ 1

vy, T° D> U3 = U3,

>l =22 o] =vl, 2>l =2 o) =0l x> vl = 2% ol =0l

o=

Tn0221,7n1::2.

yl>v? = 041012’[}% —l—oqv%,xbv% = —v%,:cz Dv% = v%,xbv% =
agv%, 2 > v% = —agv%,

1_ 1.0 0_ .2 0 _ 1_
Yy vy = gvf, x>y =z > =y =0, ( #0),

ol = vl r> ol = vl 2t > ol =0l 2? > vl = vl y > =

—011012’[)% + ozzv%,

1_1.0 0_ .2 0 _ 1
Yy vy = Govf, x>y =2t > =y oy =0, (az #0),
xlbvg = —lv‘f,xlbv% = —U%,.%‘DU% = aw%—l—v%,xzbv? = v?,aﬂbv% =
V1, X7 > vy = vy,
y> =y>ovl =y>vi =0,
xbv?:v?,xbv%z—v%,xbv%zalv}—l—v%,xQDv?:v?,w?Dv%:
v%,x2l>v%:v%,

y>v) =y>ol =y =0,

z>o) = = 2o = —vf a0l = —vl 2200 = o) 2 >0l = 0],
?eol=vlys) =yl =yl =0,
o) =), x> o] = —v, x> vs = —vd, 22 > o) =) 2t > 0] =

1 ,.2 1 _ .1
v1,T° > vy = V3,
y> =y>ovl =y>vi =0,
r>) = -zl = vl x>0l =0l 2?0 =0 22 >l =
1,2 1,1
vy, T D> vy = Uy,
y> ) =y>of =y>vy; =0,
1 0

x1|> ’g? :lfu(f,a;ll> vl = vl x> vl =0l 2?2 > W) = 0 22 >l =
vy, TX D> vy = Uy,

y>) =y>ol=y>ovi=0.

moy = 2,1n1:: 1

xlbij(f:—U?,xbvgzalv?,xQDU?zv?,x2>vgz—aw?,ybvgz
az V1

y >0l = a1l + a0,z >0l = 2?2 > ol =y > o) =0, (ag #0),
>l =—0), 2?2 >0 =),y = a%v%,ybv% = a0,

r>=z>vl =220} =22 > ol =y 0f =0, (a1 #0),
x> =220 =0l y > 0= Lyl 1= 0

2 = 2 = Uy Y vy = a1v17y D'vl'_ a1y,
r=z>vl =220} =22 > vl =y >0 =0, (a1 #0),
xbv?:z2l>v?:fu?,xl>vg:x2l>v8:a1v?,y|>v8:a—gv%,

y > v = aragv] + agvd, x> ol =22 > ol =yl =0, (g £ 0),

1—a?
r>0) = ano) + vl x>0 = o) — ey, o) = —of, ¥ > =
U?Q’ 000 72 ol — o1 0 0 1
2> vy =0y, 2 > vy = v,y >v] =y>uy =y>ov; =0, (a2 #0),
1-0f o

>0 = @10 + agvl, x> 0§ = W — ), x>l =22 >0l =

a2
v}, 2% > o) =),

2>l =0 y> ) =y =y vl =0, (az £ 0),
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(7) o> = =00, 209 = a1 +0), z>01 = v} 220 =00 22 >0 =

v), 2 > v} = o},
y> o) =y vy =y o =0,
(8) 1> 1) = v, x> 0]
09, 2% > 0§ = v,
y> o) =y =y o =0,
9) r>v) =00, 2>0] = a1 — 18,z >0 = —vl 22> = o), 22 >0l =
vY, 2% > vi = v,
y>v) =y>o) =y>v =0,
(10) 2> = 2> 08 = ol =,z > 0] =22 > o] = v}, 22> =
v, 2% > 0§ = v,

y>v) =y>ov) =y>vl =0,

:alv?+vg,xl>v% :x2l>v% :v%,x2l>v(1):

(11) 20 = = z>0] = =), >0} = —v], 2?2 >0 = o), 22 >0 = 0),
22>l =vhys ) =y> ) =y vl =0,
(12) 2> ) = = 2> 0] = =),z > 0] = 22> o] = o], 2?2 > =

v, 2% > 0§ = v,
y>v) =y>0v) =y>v =0,

(13) z>0) = 2?0 = 00, 2>0) = 2208 = ), >0 = —vf, 2?>0] = 0],
y> ol =y =y v =0,

(14) z>v) = 22> 00 =) 2> 0 = 22 >0 = 0], 2> 0] = 22 > v] =0,
y>v) =y>v) =y>vl =0.

2.1.5. Low dimensional supercomodules over Hy. Let V' be a super-
space of dimension m = mg + my, where mg is the even part dimen-
sion and my is the odd part dimension. Let {vl} be a basis of V, where
g € {0,1},p € {1,--- ,mq}. In the sequel, y; and 72 denote parameters in
K.

Proposition 2.13. The supercomodule structures over Hg are defined in
the different cases as follows.

e Case mg =1, m; = 0.

(1) p(od) =100, (2) p(e?) = (—1 + 202) @ .

e Case mo =0, my = 1. p(v]) = 1@}, p(v}) = (=1 + 22%) @ v].

Proposition 2.14. The supercomodule structures over Hg are defined in
the different cases as follows.
e Case mg =2, m; = 0.
(1) p(vf) =L@ v) +31(1—2%) © vy p(v3) = (=1 422%) @ 03,
(2) p(v) =1 @}, p(v9) = M(1 —a?) @) + (=1 + 22%) @),
(3) plof) = (~1+20%) @ o p(0d) = (1 = 0) @0f +100f,
(4) p(t}) = (=14 22%) @7, p(v]) = (=1 +22%) @5,
(5) p(v?) =1@27, p(vg) = 1 ® vj.
e Case mg =0, m; = 2.
(1) plog) =1 ®vj +71(1—2%) ® vg, p(v3) = (~1 +22%) @ vy,
(2) plo}) = (~1420%) @ of, plvg) = (—1 +20°) @ vy,
(3) p(v]) =1®@wvi,p(vy) =10y
e Case mg=1, m; = 1.

(1) p(v?) =z @0} + 11y @ vy, p(v1)
(2) p(v}) = (=1 +22%) @17, p(vy) =

=-2y@v) +z@vi,(n #0),
(— 1+2x2)®v1,
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) p(ef) = (14 222) @0f, o) = 1@,
(4) p(vy) =1@ vy, p(vy) = (=14 22%) @0y,
(5) o) =19 o} plo}) = 1 0],

Proposition 2.15. The supercomodule structures over Ho are defined in
the different cases as follows.
e Case mg =3, m; =0.
(1) p(09) = 1@ 00, p(u]) = (—1+222) & 0§, p(e) = (11(1 — %)) @ o +
1 ®vg,
(2) p(0?) = (-1 + 22?) @ v, p(v9) = (M1 —2?)) @) + 1 ® o) +
(r2(1 = 2%)) & Ug,
P(Us) = (-1+22° )®U3a
() p(v1) =1 @ v, p(u3) = (n(1 = 2%)) ©vf + (—1+22%) @03,
D) = (-2 ))®v1+( 1+22%) ® 8,
)= (—-1+22%) @9 + (’yl(lfx ))®v2,
9 =1®9, (US) = (72(1 —z%)) @ 0§ + (=1 + 22%) ® 0§,
(5) p(v}) = (1 +22%) @ v}, p(v) = (m(l—w ) @+ 1@,
) = (2(1—x))®v —|—1®vg,
J=1@0)+ (11— 2%) @8, p(u3) = (-1+ 2% © 03,
v9) = (12(1 - ))®u2+1®vg,
(7) P(v ) = ( 1+ 2962) ® 17, p(v9) = (—1 + 22%) ® 05, p(v})
222 )®v3
(8) p(v]) =1 @0}, p(vg) = 1@ 03, p(v]) = 1 ® vg.
e Case mg =0, m; = 3.
(1) p(vy) = (=1 +22°) @ vy, p(v}) = (%(1 —a?) ®vi +1®vy,
p(v3) = (2(1 - 2?)) ® v} +1® v,
(2) p(v}) = (-1 +29€2) ®v%7p(v2) (- L1+ )®U%7
)
) =

I
T
L
+

(3) p(vy) = (=1 +22%) @ vf,p(v3) = (=1 + 22°) @ v, p(v3) = (~1 +
2x21) ®U§a 1 1 1 1 1

(4) p(vy) =1®@ vy, p(vy) =1 @ vy, p(vg) =1 @ 3.

e Case mg =1, m; = 2.

(1) p(v]) = (=1 +22%) @0}, p(v]) = 1@ o], p(v3) = (=1 +227) @ vy +
(m(1=2%) @i,

(2) p(}) = 1@ o, p(v}) = 1@}, p(v3) = (M1 —2?) @ vf + (=1 +
22%) ® vi,

(3) p(v]) =2z @ 0] = Ly @vi, p(v]) =My @1 +x @i, p(vy) = (1 +
2%2)@)1}%,(’}/1 750)7 L ) L .

(4) p(v)) = 2]~ Ly}, p(vi) = My@v+aev], p(vy) = 10v3, (11 #

0),
(5) p(v(l;) = 1( 1+ 22%) @ of,p(vi) = (=1 + 22%) ® v1,p(v3) = (-1 +
222) Qv
(6) olot) T8 o p(od) = (—1 4 20%) @b, () — (- 1+ 20%) 9o,
(7) o) = (—1 4 20) ® o, p(v}) = 1@ vb plvd) = 1 @ 0}
(8) p(o}) = 1 @0 p(u]) = 1 ), p(u}) = 19 vl

e Case mg =2, m; = 1.

349
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(1) p(0?) = z@v]+71 (1+2—-22%)@vy — L y@vi, p(vg) = (~1+22%) @03,
(vl = 2y®v1+’Y172y®vg+x®vl,(727é0)

(2) p(vl =$®vl +71(1+x)®02 Y172y @01, p(v9) = TR VY + Y2y @07
(U1 = y®“2+$®7}17(’72?£0)

)
)
)
)

(3) p(vl) = (- T2, Jouf, p(v9) = Y1 (1+2—22%) @V + 2R3 +72y©vf,

p(v}) = =Ty @) — 2y v) + @], (32 #0),

)

)

)

)

) =

(4) (v1 —1®v17 (z)—71(1—x)®v?+w®vg+72y®v%,

p(vi) = Sy @} — 2y @ v) +x @ vy, (12 #0),
()p(vl =( 1+2x)®v1,p(v2>—1®v87p(vi)=(—1+2x2>®v%,
(6) p<v1 = 1@+ (1—a?) @, p(v]) = (~14227) @03, p(v]) = 17,
(7) (v1 (—1+422%) ®@ v, p(v3) = (=1 + 22%) @ 03, p(v]) = (=1 +
2x )® vi,
(8) p(v)) = (=14 22%) ® v}, p(1]) = (~1 +22%) ® 13, p(v]) = 1 @ vy,

9) o) = 16 o) ~ 10 ) = (14 261 & .
(10) p(vf) =1 @D, p(v]) =1 @09, p(vf) = 1@ vf.

2.1.6. Low dimensional supermodule superalgebras over Hy. Let A
be a superalgebra of dimension m = mg + m1, where mg is the even part
dimension and m; is the odd part dimension. Let {v} }be a basis of A, where
g€{0,1},p e {1,--- ,my}. In the sequel, A\; denote a parameter in K.

Proposition 2.16. The supermodule superalgebra structures over Hg are
defined in the different cases as follows.

e Case mg =1, m; =0. v?v?:v?,xbv?:mzbv?:v?.

Proposition 2.17. The supermodule superalgebra structures over Hg are
defined in the different cases as follows.

e Case mg =2, m; =0.

(1) v909 =0, 2>0) = 22 >0 =09, (2) vJv) =0, r>0) = 0], 22> 08 =
o,

(3) ¥J08 =09, x>v) = 22 >0 =09, (4) V] =Y, z>) = v -0, 221>
W0 =0,

e Case mg=1, m; = 1. v%v% =0,

(1) 2o} = —v} 22> = v}yl =0, (2) 2> = 22>0] = 0], y>oi =
0.

Proposition 2.18. The supermodule superalgebra structures over Hy are
defined in the different cases as follows.

OCasemo—S mi1 = 0.

(1) v309 = 03,0908 = v§v] = Vv = v, x> V] = VY — V] + 0§22 > W) =
vY, > vl —xzbvgzvg,

(2) v309 = 08,090 = vJvY = Vi) =0, x> V) = 22 > 0] = V], z > 0] =

[=}

5 =X >U2:vg,xl>v§:

0,0 _ 9,0 __,0,0 __,0 ,0,0 __ 0 _ .2 o_ ,0 0 _
(4) vJvy = v, vJvy = Vv = vy, v3vy =0, T > vy = x> vy = V5, T > vy =
(5) v308 = 13, V3] = VIV = V] = 0, x> 1) = P2 >v) = V), 2 >0] =

(6) v9v9 = v3,v30] = VIV = V] =0, x> 1) = 22 >v) = V), 2 >0] =
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2?2 >0 =,

(7) 909 = vJv§ = V90§ = 90 = 0, z>v) = 0], z>0] = A\jv] -], 22 >0] =
v9, 2% > 0§ =0,

(8) vgvd = vfef = vfoh = of
avy, x? > 0§ = v),

with a € {—1,1},

(9) v309 = 03,090 = v, vI08 = V] = 0, x> 0] = ) + Mol 2% > 0§ =
v), 2 >v) = -1,

2% >0 =1,

(10) v3v9 = v9, v90] = v, v§vY = v =0, 2> 0] = 22 >v) =08, x> 0] =
2?2 >0 = 1.

e Case mog =1, my = 2. viv} = vivd = vlv] = vlvd =0,

(1) z>vf =vhz>vd = Mol —vd, 22 >0l =0l 220l =0l y> ol =
y > vy =0,

(2) z>0] = avi,z>0i = av, 2?2 >vf = v} 2P >0l = 0}yl =yl =0,
with a € {—1,1},

o Case my =2, my = 1. (1) vgvg = vgv% = v%vg = v%v% =0, z> vg =
x2|>v8:x>v%:xQDv}:O,ybvgz%v%,ybv%z)\vg, with A € K*
(2) v80) = vl = viv) = vlvt =0, 2> 0] = —0), 2 > v} = avi,2? >V =
v9, 2% > vf = v,

y>v) =y>ol =0,

(3) v309 = v} = v} = vjvl =0, 2> 0] =],z >0 = av], 2P >0 =
vY, 2% > vi = v,

y>v) =y>ol =0,

(4) v90 = v} = v{od = 0,v}v] =1, 2> 0] =03, 2 > v} = av],2? > ] =
vY, 2% > vi = v,

y>v) =y>ol =0,

(5) v908 = viv] =09, v3v = viv) = v}, 2> =), 2> V] = avl, 2? >0 =
vY, 2% > vl = vi,

y> vy =y>of =0,

(6) v9v9 = 18, v9v] = v} vivt = vl =0, 2>09
vY, 22 > vl = v,

y> vy =y =0,

(7) v = 18, 090! = v}vd = v}, viv] =0, 208 = V], 2>l = av}, 2?>0) =
v), 22 > v} = o},

y> vy =y>vl =0, witha € {-1,1}.

vgzo,xDvgzavg,xQDUS:vg,xbvg:

1 20,0
avy, T°>vy =

0 1
Uy, T>V]

3. TWISTINGS ON SUPERBIALGEBRAS

In this section, we provide a construction of a new superalgebra by twist-
ing, based on Drinfeld’s twists and following the study in algebras case by
Giaquinto and Zhang in [12]. The approach is illustrated by an example at
the end. Let (B, up,nB, Ap,eB) be a superbialgebra.

Definition 3.1. An element F € B ® B is a right twisting element if the
three identities

(3.1) (ARid)(F)(F®1)=(id® A)(F)(1® F),
(3.2) (e®id)(F)=1®1p and (id®e)(F)=1p®1
hold.
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Remark 3.2. (1) A twisting (left twisting) element of B is an element
F € B ® B which satisfies

(F®1)(A®id)(F) = (1® F)(id® A)(F),
(c®id)(F)=1® lgand(id®e)(F) =15 ® L.

(2) A right twisting element is also called a Drinfeld twist.
(3) In this case, multiplication of tensor products is Za-graded and de-

fined as (a @ b)(c®d) = (=1)¥llac @ bd,  Va,b,¢,d € B.

Lemma 3.3. If I is a Drinfeld twist of a superbialgebra B, then F belongs
to the even part of B® B.

Proof. Let F be a twisting element. The duality between Drinfeld twist F’
and 2-cocycle, and the evenly of 2-cocycle imply that F' belongs to the even
part of B® B. (Il

We aim to show in the sequel a generalization of a theorem given by
Giaquinto and Zhang in [12] into Zo-graded case. A twisting element pro-
vides a new multiplication of any B-supermodule superalgebra. The twisted
multiplication is defined to be the composite pq0 F;: AQ A — A.

Theorem 3.4. Let F be a twisting element and A is a B-supermodule super-
algebra. Then Ap = (A, ur,n4) is a superalgebra, where the multiplication
wr = pha o Fy is defined as
pr(a®b) = (pao F)(a®b) = (-2l (A >a) @ (F>0)], Va,be A
Proof. We show that the multiplication 4 o Fj is associative, which means
(maoFy)ol(paoFy) ®ida] = (uao Fy) o [ida @ (pa o Fp)].
Let a, b, ¢ € A, by Definitions 1.1 and 1.7, we have
(Lhes) = (pao Fy)o[(pao Fy) @idal(a®b@c)
— (~)P el (4 0 R) o [(Fy > a) - (Fy > b) @ ]
= (-1 R > [(Fy > a) - (Fa > b)] - (F > )
= (- 1)IFsz\+IF1(z>\(\FlHIaI [Fiy & (B > a)] - [Fio) > (F2 > b)] - (F2 > ¢)
= (=1)IP2lPl+I P I( \FlHlaI)(Fl(l)Fl >a)® (F1(2>F2 >b) @ (Fy > c)
=[(- )|F1||F1(z>)\Fl(l)F1 ® Fio)F2 @ Bli(a®b®c)
=[(A®id)(F)(F®1))i(a®b®c).

(rhs) = (pa o F) o [ida ® (j1ao F)l(a® b c)
= ()" (ua o F)ola® (Fi > b) - (Fa > )]

= (—)/PReHN (R > a) - By > [(Fy > D) - (Fy > o)

= (- 1)IF2I<\aI+\b\ +\Fz<2>l<\F1\+\b\>(F1 > a) - [Fayqy > (F1 > )] - [Fye) > (F2 > ¢)]
= (=1)Pellal D HE (I (Fy 1> ) - (Fyr) Fy 5> b) - (FagayFa > €)

= (- 1)Ia|(\F1|+\F2\)[( )|F1HF2(2>\F1 ® Fo()F1 ® Foo)Fali(a @ b® c)

= (1)1 Fy @ FyqyFy @ Fyoy Falila®b®c), since F e (B®B)g
[((dRA)(F)(1®F)i(a®b®c).
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Since F is a twisting element then (ua o F}) o [(ua o F}) ® ida] = (14 o
F))olida ® (na o Fy)], and thus pa o Fj is associative.

For the unit element 14, by Definition 3.2, we have
(aoF)1a®a)=pao[(Fi>14) ® (Fa>a)] = paolep(Fi)la @ (Fa > a)]
=pac([(ep@id)(F)(1p @ )i(la®a)] = pac[(1p ®1p)i(1a ® a)]
=pa(lag®a) =a.
Similarly, the unit element 14 also serves as the right unit with respect to
pa o Fp. Indeed,

(a0 F)(a®@14) = pao (—1)N2(F > a) ® (Fy > 14))

= pao (1) I2U(F) > a) ® ep(Fy)14]

=pao[(F1>a)®ep(Fo)la] = pao[(id®ep)(F)(1®1p)li(a® 14)]

=pao[lp@1p)ila®1a)] = pa(a®1a) = a.

Dually we have the following result.

Proposition 3.5. Let (B, u,1p,A,e) be a superbialgebra over K and sup-
pose that F is an invertible twisting element based on a superbialgebra B.
Then Brp = (B,u,1,Ap,€) is a superbialgebra over K, where the comulti-
plication Ap is defined as

Ap = F7'AF.

Proof. We show that (B, Ap,¢) is a supercoalgebra over K. Let a € B, we
have

(Ap ®idg) o Ap(a) =

(~D(F @ (A gid)(F (A ®idp) o Ala)][(A ® id)(F)(F @ 1)],
and

(ide ® AF) o Ap(a) =

(D' [(1e FH(ide A)(FH)[(ids ® A) o Ada)][(id @ A)(F)(1 @ F)),
where ¢ = |F Y (Jax| + |az| + |Fi]) + |Fi||as|, the coassociativity of Ag is
due to F being a Drinfeld twist for B and F~! being a left twisting for
B. The counit axiom is satisfied thanks to Condition (3.2), then (B, Ap,¢)
is a supercoalgebra over K. Moreover the comultiplication Ag is compat-

ible with p and the counit ¢ is a superalgebra morphism. Hence Bp is a
superbialgebra. (I

Proposition 3.6. Let B be a superbialgebra over K and A be a superalgebra.
Suppose that F is an invertible twisting element based on a superbialgebra B.
If A is a left B-supermodule superalgebra then Ap, defined in Theorem 3.4,
is a Bp-supermodule superalgebra (Bp being defined in Proposition 3.5).

Proof. The multiplications of B and Bp are identical, then Ar is a Bp-
supermodule. Condition (1.8) is satisfied since the counits of both B and
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By are the same. It remains to show Condition (1.7). Let a,a’ € A and
b e B,
(ka0 Fi) o (Ap(D)(a®a)
= (-1 lbey HAIIF, |+\b<2>1\>(NA OlFl) o (Fy by FL ® Fy 'b(g) Fa)i(a @ a')
= (_1)|F1||b(2)|('uA o E) o [(Ff X F; )(b(l)Fl ® b(2)F2)h(a ® a/)
= (=)l o [(Fy @ F)(FT! @ Fy ')(bayFy @ by F2)]i(a® a’)
= (71)IF1IIb<z>IMA o (5(1)F1 ® b(g)Fg)l(a ®a’)
=40 [(b(l) ® b(g))(F1 ® Fg)]l(a ® a/)
= (paoAp(b))o Fila®a)
= (bjopa)o Fi(a®a’), since Ais a B-supermodule superalgebra
—bo (a0 R)a®d).
Then Ap is a Bp-supermodule superalgebra. (I

Remark 3.7. If B is a commutative superbialgebra, then the twist super-
bialgebra Br is just B itself.

Now, we consider our Hopf superalgebras up to dimension 4 and compute
their twisting elements of the form:

1 n 1 ns
(3.3) F=ul@ul+Y % % > aungeu @ .

1=0 i=1 s=0 j=1

where {u?, u}}; is the basis. By straightforward calculations, we obtain the

1 1
following results.
Proposition 3.8 (Twisting of 2-dimensional Hopf superalgebra). The twist-
ing elements of H are given by F =1 1+ Bz ® x, with 5 € K.
Proposition 3.9 (Twistings of 4-dimensional Hopf superalgebras).
o The element 1 ® 1 is the only twisting element of Ho.
o The twisting elements of Hi are given by
D F=1®1+pzez, (2)F=101+Fy®y, with € K.
o The twisting elements of Ho are given by F = 1® 1+ Pz ® x, with
B € K.
e The twisting elements of Hs are given by
(1) F=114+pi1z@z+foyez, (2) F=101+512Qx+ frx Ry,
(B) F=1@1+fy@z+foy®y, (4) F=101+B120y+By®y,
with By, B2 € K.
o The twisting elements of H4 are given by
1N F=1®1+pzz, (2)F=1214+byy—2Bzy Ry, with
g e K.
3.1. Applications. We discuss in this section an example of applications.
We consider the 4-dimensional Hopf superalgebra Ho = K{z, y) /(2*—x, y?, 2y+
yr —y) with deg(z) = 0, deg(y) = 1 and such that
Az)=1z+2z1-2z0z, Aly)=10y+yR1—-2xQy—2yQu,
e(x) = e(y) =0, S(x) ==, Sly) =y
We consider the 4-dimensional superalgebra (A, pa,n4), defined with re-
spect to a basis {0}, 19, v},vd} by the following relations
v) - v) = 09,09 vl = vl vl v =),
vl

t ,0_,1,1 ,1_,0_,0. 0 1 _ 1 0_ 1 1_ 1 1_
Vy - Vg = Vg, Vg =] — V3,05 - V3 = V] - Vg = vy - V] = Uy - vy = 0.
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We define on A an Hs-supermodule superalgebra structure given by

1 1 1 1

zbvg = ffv(l)+v8,xl>v% = fv% +v%,xl>v% = fv% + 71)%,

2 2 4 2

Yo vy =y>uvl =yl =zy >y =xy >0 =y > v = 0.

We consider F'=1® 1+ z ® x a Drinfeld twist of Hs, its inverse is given
by FFl=1®1-1 57 @ .

Since A is a Ho- supermodule superalgebra, according to Theorem 3.4, Ap =

(A, ur,ma) is a superalgebra, where the new multiplication pp is defined by

the following relations

0.,0 _ 1,0,,0 _ 5,1 1.1 ,0.1_1,1_1,1 1.0_ 1,1, 11
Vg Vg = %UDLUQ, (2 U% = 7V1 3%, U2‘U% = géﬁ‘z%, Ul'v52 = —3U; T30,
1,1 0 11 0400 plp0 — 1,105,111 5,0 0 11
U1'Up = Uy, UjtUp = gUp U3, Ul = —gUp Uy, Vel = JUI Vg, U3tV =
1,0
5.

The superalgebras A and Ap are non-isomorphic, which means that the
twisting is non trivial.

By Proposition 3.5, HE = (Ha, i1, 1, Ap, €) is a superbialgebra, where the
new comultiplication Ap is defined by the following relations
Ap(z)=1z+2®1-2zz, Ap(y) =10y+y®1— %ac@ — %y@
x — %x ® xy — %xy ® x. Notice that the superbialgebras Hs and 7—[5 are
non-isomorphic.

By Proposition 3.6, Ag is a Bp-supermodule superalgebra, where the new
supermodule superalgebra structure is defined by

r>v] = v, x> =0y o) =2y >0) = A\l + Aovd,
y> o] = —200Y, y > vl = 2009,
xbvgzxybv%:mybv%:&

4. 2-Cocycle Deformations

In this section, we study 2-cocycle deformations in the Zo-grading case.
As in the non-graded case, 2-cocycles provide a way of modifying the mul-
tiplication of a superbialgebra in order to produce another superbialgebra
8].

Let B be a superbialgebra over K and let ¢ : B® B — K be a morphism.

We say that ¢ is convolution invertible if and only if there is a morphism
1. B® B — K, called the inverse of o, which satisﬁes (U xo0 ) (a®b) =

(c7lx0)(a®b) = (—1)|a(2>‘|b<1)|a(a(1) ® b(l))a_l( (2)) = e(a)e(b) for

all a,b € B.

The two notions of ”2-cocycle” and of ”twisting” are dual to each other [17].

Definition 4.1. Let (B, u,1p,A,¢) be a superbialgebra over K. A convo-
lution invertible morphism o : B ® B — K is called unital (or normalized)
2-cocycle for B when, for all a,b,c € B, the following two conditions are

satisfied
(4.1) U(a(l) ® b(l))a(a(g)b(g) ®c) = O'(b(l) (29 c(l))a(a ® b(Q)C(Q)),
(4.2) ocla®l) = e(a)=0(1®a).

These two conditions are equivalents to

(e®0)*xo(idp@p) = (c®e)*xo(p®idp) and o(idp®1) =¢ = o(1Qidp).
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In the sequel, we will simply call ¢ a 2-cocycle instead of unital 2-cocycle
if no confusion arises.
Using a 2-cocycle o, it is possible to define a new superalgebra structure on
B by deforming the multiplication, while the new multiplication is defined
via a formula which only depends on the initial multiplication and on a
2-cocycle o of the superbialgebra B.

Proposition 4.2. Let (B,u,1p,A,¢€) be a superbialgebra over K and sup-
pose that o is a 2-cocycle for B. Then By = (B, g, 1,A,€) is a superbial-
gebra over K, where the multiplication u, is defined as

U = O * [L* o L
Proof. We show that (B, us, 1) is a superalgebra over K.
The associativity of the multiplication p, follows from the 2-cocycle condi-
tion (4.1) and the evenly of 0. Condition (4.2) implies that pu,(z®1) =z =
to(1® x) [8]. Moreover the multiplication p, is compatible with A and the
unit 1p is a supercoalgebra morphism. Hence B, is a superbialgebra. (I

Now we construct all 2-cocycles of low-dimensional Hopf superalgebras
obtained in [1].

Proposition 4.3 (2-cocycles of 2-dimensional Hopf superalgebra).
The 2-cocycles of the 2-dimensional Hopf superalgebra H (see (1.7)) are
given by o(z @ ) = X, and its inverse o~ (z ® ) = —\ with A € K.

Proposition 4.4 (2-cocycles of 4-dimensional Hopf superalgebras).

o The 2-cocycles of Ho (see (1.9)) are given by
c(2?®2?) =1,0(yy) =\o(z®r)=0c(z®2?) =c(z?®1) =0,
and the inverse by
o N2’ ®a?) = Lo y®y) = 1,0 (z®2) = o (z®a?) =
o N z? ®x) =0, with A € K*.

e The 2-cocycles of Hi are given by
oz @) = A,0(y®y) = Xo,0(zy @ 2y) = MAg,0(y ® zy) =
o(zy®y) =0,
and the inverse by o~ (r @ x) = ﬁi‘;\l,a’l(y(@y) =X, 0 2y ®

_ A
zy) = T+4Ay

o N y®ay) =0 Yoy @y) =0, with \; € K — {fi} and X\ € K.
e The 2-cocycles of Ha are given by

142X1)A
(1) o(z®2) = A, 0(y®y) = A, o(y@ay) = HEE2 o(ay@y) =
2X1 )2
14+4X°
o(zy@xy) = 1112‘/\21, and its inverse o~ (x @) = ﬁi‘j\l,o’l(y®
_ —A
Y) = G
_ —(1422)X  — _
oy @ ay) = et o ey @ y) = R0 (ay ©

e
ajy) - (1+4)\1)27

(2) o(y®y) = o(yRry) = A, 0(2@z) = o(zy®y) = o(ry@ay) =0,
and its inverse o0 N (y@y) = o Wy @ay) = -\ o Hz®z) =
o N ey @y) = o (zy @ ay) = 0, with \y € K— {1} and
Ao € K.
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e The 2-cocycles of Hs are given by
O'($ & 13) = )\1,0’(I @ y) = )\Qa U(y ® ‘T) = )\370-(y ® y) = )‘470<Iy ®
zy) = A3 — M\, and the inverse by o (z @ ) = —A1,0 (2 ®
y) = A0 (y@a) = —X3,0 (y®y) = —Ag, 0 ay @ ay) =
AoA3z — A Ag, with A1, Ao, A3, A4 € K.

e The 2-cocycles of H4 are given by

oe ®2) = A oley © ay) = Ao, oy ®y) = HF oy @ ay) =
o(xy @ y) = 2A2, and the inverse by o~ (x @ x) = ﬁ,a‘l(a:y ®

xy) = Hhn o Yoy = -2, 0 (yeay) = olzy @y) = 0, with

MK —{-1} and X, € K.
4.1. Applications. We show in the following an example of deformation
of a multiplication using a 2-cocycle. We consider the 4-dimensional Hopf
superalgebra Hy = K [z,y] /(2% — z,y?) with deg(z) = 0, deg(y) = 1 and
such that

Alr)=1r+z@1-2r0z, Aly)=10y+yR1 -2y,
e(x) = €(y) =0, S(z) ==z, S(y) = —y + 2zy,

We set A\; = Ay = 1 for the 2-cocycle of H,4 in Proposition 4.4. By Proposi-

tion 4.2, H] = (Ha, pio, 1, A, €) is a superbialgebra, where the new multipli-
cation u, is defined by the following relations

o (@ 2) = 2, (T @ Y) = po(y ® ) = =2y + Szy,
6
fo (T @ 1Y) = po(2y ® ) = —py + 3ay,

to (Y @y) = pio(y @ 2y) = po(ry @ y) = pio(ry @ vy) = 0.

It turns out that (H4, 1, 1) and (Ha, tie, 1) are two isomorphic superalge-
bras.

APPENDIX A

We provide in the following supermodule, supercomodule and supermod-
ule superalgebra structures over Hopf superalgebras Hi, Ha, Hs and H4 in
dimension m with m < 3. In the sequel, o, ; and Aj for i € {1,--- ,4},j €
{1,2} denote parameters in K. Note that all the obtained structures are
non-isomorphic.

The superalgebra structure of H; and H,4 are defined as a quotient

K [z,y] /(x* — z,9?), with deg(z) = 0,deg(y) = 1.
Consider a basis {1,z,y,zy} and relations 22 = x, y? = 0, the Hopf super-
algebra H; is defined by the following comultiplication, counit and antipode
Alz)=1®z+2r01-2zQz, Aly)=10y+y®1,
e(z) = e(y) =0, S(x) ==z, S(y) = —v.
and the Hopf superalgebra #H,4 is defined by the following comultiplication,
counit and antipode
Alz)=1@z+2z1-2zz, AlyY)=10y+yR1—-22Qy,
e(x) = e(y) =0, S(x) ==, S(y) = -y + 2xy.
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The superalgebra structure of Hs is defined as a quotient

K(z, y)/(x2 —z,y%, zy + yz — y), with deg(z) = 0,deg(y) = 1.

Consider a basis {1,z,y, zy} and relations 22 = z, y?> = 0, yz = y — zy, the

Hopf superalgebra Hs is defined by the following comultiplication, counit
and antipode

Az)=1z+2z01-2zz, Aly)=10y+yR1-2xQy—2yQu,
e(x) = €(y) =0, S(x) =z, S(y) =v.
The superalgebra structure of Hs is defined as a quotient
K(z,y) /(22,92 zy + yx), with deg(x) = deg(y) = 1.

Consider a basis {1, 2y, z,y} and relations 22 = 0, y? = 0, yzr = —xy, the
Hopf superalgebra Hs is defined by the following comultiplication, counit
and antipode

Alz)=1z+2z01, Aly)=1y+yx1,
€)= €ey) =0,  S(x)=-z, S(y) =-y.

Most of the results are obtained by using the computer algebra system Math-
ematica. The program we have used is available.

A.l. Low dimensional supermodules over Hi, Hs, Hs and H,. Let
V' be a superspace of dimension m = mg + my, where myg is the even part
dimension and my is the odd part dimension. Let {vi} be a basis of V,
where ¢ € {0,1},p € {1,--- ,mqy}.

Proposition A.1. The supermodule structures over Hi, Ho and Hy are
defined in the different cases as follows.

e Case mg =1, m; = 0. xl>v(l):11?.

e Case mp=0, m; =1. 2 >vj =v].

_ 2
e Case mg = 2, mp = 0. (l)xbvgzal—i—agvg,xbvgzma—;l—i-(l—

0
aq)vy, (g # 0)

0 _ 0 — o 00 .0 0_,0 0 _ 0
(2)x0>1110—0,x%v23a1@1+112, B) x> v} =0}, x> vy = avy, (4)
x>v] =], x> vy =5,

e Casemg =0, my =2. (1) z>vl =vhzovl =av}, (2) 20 =
1 1_ 1
V1, T D> vy = Uy.
e Case mg =3, m; = 0.
(1) z>v) = ayagv? +alvg,x > Ug = ag} —I—Ug,l‘ > o) =0,
) x> =0 2> 0) = 0d, 2> 0] = a0 + g,
o_ .0 _ 0 0 0_,0 0 _ 0
) =] — a1avy + aqUg, T D> vy = U5, & D> U3 = Qavy,
) x> = a0y, x>0 =09, 2 > v) = a),
) x> 08 = a1v) + 03,2 > 0] = age? + 09, x>0 =0,
) x> =00 2> 0) = a0l x> v = a?,
=)z >0) =09, 2> 0] = ).
e Case mg =0, m; = 3.
(1) x> v} = aqvd, 2> vd = vd, 2> vl = agud,
(2) 2> =0, 2> v =0l 2> 0} = a1v] + agvl,

(3) x>l =0vl,x>vi =0l z>0l =0l
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Proposition A.2. The supermodule structures over Hi and Hy are defined
in the different cases as follows.
e Case mg=1, m; = 1.

1) y>ovi=az>) =z vl =yl =2y =2y >0l =0,
(2) yl>01:ozlv%,xl>v1:xl>v1:ybvlzxybvlzxybvl—o
(3) xDvl —Ul,xbvl = v}, y>ov] = 2y} = a0l y>of —xybvl =0,
(4) z>0f —vl,ac|>v1 —U%7yl>v?—xyl>v?—a1v%,yl>v% —zy|>v1 =0,
(5) r>vi=vl, 2> =yl =y> vl =2y =y >0l =0,
6) 2> =) 2ol =y =y>ovl =y =ay >0l =0.

e Case mg =1, m; =2.

(1) z>vi = aqvd, >0 = v),y>0) = agvl —aagvl, 2> = y>of =
yl>vf:xyl>v?:xyl>v%:xyl>v%:0,

(2) o] = v}, 20 = agv],y> vl = a2} =y =y o] =
zy> o) =2y > vl =2y >0l =0,

(3) 2> =) x> vl = vl 2> v = arvl,y > v} =2y > o] = g,
y> vy =ay>vs=ajal,y> 0l =2y >0 =0,

(4) 2> =0, x>0 =0 + gl y> 0 = 2y > 1) = asv! + aragvd,
:BDU%:yl>v%:yDv%:xyDv%:xyDv%:O,

(B) y>vi =y v =and iz =2 =z>0l =yl =
J:yl>v(1):xy>v%:3:yl>v%:0,

(6) z>v) =0 >0} = 0], x>0 = vl y>ol = 2y>o] = a1l y>vl =
Ty > vd = ag?,
y> o) =ay> o) =0,

(1) y o) =] + v,z =2 vl =z vl =y>ol =y>vl =
xybv?:xybv%:xybvézo,

(8) x> =) x> = v} a0l = vl y> ) = 2y o) = av] +agud,
y>ol =y>ul =zy>ol =ay>vl =0,

9) z>vi=vhzoul =vlro ) =y =yl =y vl =
zy >0 =2y > vl =2y >0 =0,

(10) z>v) =, z>vi =2 vi =y =yl =yl =ay>wv
xyDv%:xyDv%:O.

e Case mg =2, m; = 1.

(1) z>1) = a11), 2> 09 = 0], y> vl = agv) —aavd, 2> vl = y>of =
y>v)=ay>1) =zy>0) =ay>ovl =0,

(5] 0

2
0_ 0 0 0 — ryapl 0_ a—of o
(2) xbvl = (1= o)} + aguy, y > vf = aguy, x> vy = =] + a1vy,

y >0 —70‘10‘5 ol z>ovl =yl = 2yl = 2y>0) = y>of =
0, (012750)
(3) x> —0411)2,1‘\>U2 =9, z>v] =0,y = zy>0) = ag],y>

0 i
v =ay>0) = alvh

y>vi =ay>vi=0,(aq #0),

(4) 1> 09 =0 + @109, 2 > v = v}y > v =2y > vl = a2 + @120
xDvSzyl>v(1)=yl>v8=xyl>v(1)=xyl>vg=0,

(5) y> ) =i,y =awlz> W =2 0) =z>0l =yl =
xybv?:xybvg:xybvizo,

(6) z>v) =0, 2] =03, x>0 = v}y = 2y>0) = agv],y>0f =
Yy >v) = agvl,y > v = 2y > ) =0,
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(1) yovi=a1) + g,z =z =0l =yl =y>0) =

xyDv?:xyDvS:xyDv%zO,

(8)

(9)
(10)
(1)

(12)

> = z>0) =), 2> 0] = vyl =yl = a0l +
agvg,ybv?:ybvg:xyl>v(l):xyl>08:0,

r>0) =), 2> 0) = a0, x>0 = vf,y> ) = 2y >0 = agul,y>
v) =2y > 1Y = ajagvl,y > v = 2y > vl =0,

o) =) 2 >0) = a0, y> 1) = agvt, r vl =yl =yl =
2y >0) = 2y > 1) = zy >0 =0,

0 _ 0 0 1_ 1 0 _ 0 _ 1 0 _
TD>vy = V] + 05, T > 0] = 0],y D> vy =Y D> V5 = v}, T > V] =
yl>v?:yl>v%:xyl>v?:xyl>v%:0,
r>0) = apl + 0,y >0 = agvl,y > = —ajagvl,z > ) =
vl =y>of =ay> ) =2y >0 = zy >l =0,

1

1

(13) 2> =0, 2> 0] = v,y ol =zy> ol =z >0 =y =

y>v) =ay>od =zy>0§ =0,

(14) z> ) =0y ol =ad,z> 1) =z =y =y>d =

zy >0 = 2y > 08 = 2y > v =0,

(15) xbvgzvg,xbv%:v%,ybv%:xybv%:alvg,xbv?:ybv?:

y>vd =ay >0 =ay>0) =0,

(16) > 1) = v),y>ovl =z ) =z v =y =y>d =

xybv(l):xybvg:xybv%:(),
(A7) 2> Y = o)z > 08 = o),z > o]
zy >0 = 2y > 19 = 2y >0l =0,

=y =

(18) z> vl =vh e =) =y =y>o) =y vl =y =

zy >v) =y > v = 0.

Proposition A.3. The supermodule structures over Ha are defined in the

different cases as follows.
e Case mg=1, m; = 1.

(1) z>vf =vl,y>ovl =l 20! =yl =2y = 2y o] =0,

(2) 2> = Wy > ol = o, zy > i = ol x> 0]

xyl>v(1):0,
0

1 0 _

=y

0 _ 0

(B) z>vf = vl,y> 1) = apvf,zy >l = vzl =y =

zy > v} =0,

4) 2> = y> o) = v, 2> 0l =y ol =2y = 2y>of =0,

1 _ 0

(5) x> =) r>vi=vly> ) =y vl =2y> ) =2y >0l =0.

e Case mg=1, m; =2.

(1) z>0) =), 2> v) = v} +od,y> ol =y vl = agvly >0l =

Ty > vi = —aqage),
z>v =y =zy>0) =0,

1_ .1 1 1 0_ .0 1_ 0
(2) x>v; =v], D> v3 = vy, Yy > V] = av],y > vy = ajagy,

x> =y} =2y > o) =zy> ol =ay >0 =0,

(3) > v =0vl, x> v =arv],y> ) = 2y > o) = g,

xl>v(1):yl>v%:y\>v%:myl>v%:xy\>v%:0,

1 1

(4) 2> =) x> ol = o],z >0} = agv],y > o) = —ara0v] + agud,

y>ovi=y>ovl=ays ) =zy>ovl =2y>vi =0,

(5) z>v) =00,y > 1) = agv} + azvl,

r>vl =z>v =yl =yool =zy> ol =2yl =2yl =0,
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xbv%:v%,xbv%:v%,ybv?:xybv?zalv%—&—agv%,
xDv?:ybvl f1y|>v2fxyl>v1::1cyl>v2f0

> o) = o),y > ol = zy > ol = aref,y > vy = 2y > v) = g,
vl =2>vi =y =zy>0) =0,

vl =vl 2> vl = vl y> vl = a0l y > vl = age?,

> =y =2y > o) =zy >l =y >0 =0.

m0:2, m1:1.

2
o] —Q
~at L9 + aq08,
y>of = xy > o] = B8Ny 0+a3112,x>vl =y =y>d =

zy>v) =2y > 08 =0, (g # 0)

> = (1 — 1)) + agvd, x>0 =

2
] —Q
>0 = (1 - 1) v) + agvd, x> v) = Z 0] + aey, x> vp = o,
y>op = W8 aged, y > =y > o) = ay > o) = ay > o) =
1
zy > vy =0, (ag #0)

«
xbv?:(l—al)vgﬁ-agvg,xbvo— !

2
—«
—1v0 + o118,z > v} =],

0 _ ajaz—az,,1

y> o) = 2y >y = azvl,y > ) = zy > 0) o vy >l =

zy > vl =0, (a2 #0)

«
>0 = (1—a)) + agod,z > 0) = 2

a;;%v? + a0l y > =
04133,0%’

vl =y ol =2y o) =y > 0] =ay >0l =0, (a2 #0)

> =00 2 >0 =00,y > vl =2y > ol = a0 + a0l

v =y =y o) =2y > o) =y >0 =0, )

xbv%:v%,ybv?:zybv?:alv%,ybvg:mybvg:agvl

x> =2>0) =y>ovl =ay >0l =0,

JJDU?:v?,ac|>118:v8,yl>v?:alv%,ybvgzagv%

vl =yl =ay> ) =2y >0 = zy >l =0,

> =00 x>0 = a0l y > vl =2y > v} = gl
xDv%:yl>v(l):yl>v8:xyl>v(l):xyl>v8:0,
xbvgzv?,xbvg:alv?,xbv% :v%,ybv% :—alagv?—l—alvg,
y> =y> ) =ay> ) =ay>0) =2y >0l =0,

> =00 2 >0 = 010l 2 > v = vl y > =y >0 = agel,
y> =y>ol =ays ) =2y o] =0,

> =00 2> 0f = a10), y > ) = agvl,y > 0§ = ajagut,
vl =y>ol =zy> o) =2y >0 = zy >0l =0,

x > vg = alv? —l—vg,y > v% =zy > v% = alagv? +a2v8,

r>W=z>vl =yl =y =zy> ) =2y =0,

z> 0] =] + 0, 2 > 0] = o],y > o] = an?,
> =y} =y o) =2y > o) =y > 0] =ry >0l =0,
xDvg:alv?—Fvg,yDvg:agv%,xbv?:xbv%:ybv?:ybv%:
xybvl—xybvg—xybyl—o

08 = ol + 0,z >0l = vl y >0l = 2y >0 = agel,y >0 =
xybvg —alo@vl,xbvl—xbvl—yl>vl—y>v1—xy>v(1]:
xy|>vo xy>v1—0

) = x> =0zl =vly> ) =y ) =yl =

xybv?zxybvgzxybv%z().

1 0 _
oz3’ul,yl>v2 =

361
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Proposition A.4. The supermodule structures over Hs are defined in the

different cases as follows.

e Case mg=1, m; =0. acyl>v(1)=().

e Case mg =0, m; = 1. xybvl =0.

e Case mg =2, m; =0. zybv?:xybvz 0.

e Case mo =0, my =2. 2y >ovl =y > vy = 0.

e Case mg=1, m; = 1.
(1) x>0 = a1, y>ol = ag?, 2y = zy>ol = 200 = y>0? =0,
(2) 209 = ayv], y>0? = age], 2y = zy>ol = 20 =yl = 0.

Proposition A.5. The supermodule structures over Hs are defined in the
different cases as follows.
e Case mg =3, m; =0. :cybv?:xybvg:xybvg:().
e Case mo =0, m; = 3. xy > v} zacybv%:xybvé =0.
e Case mg =1, m; = 2.
(1) 2> vl =,z > 0) = ol y > v = a0l y > v) = agf,
ry>) =ay>ovl =y vl =z =y> 0 =0,
(2) z1> 00 = v} + agvd, y > ) = agvl + ayvd,
ry>v) = 2y>ovl = sy>vd = r>ol =a>vl =y>ol =yl =0.
e Case mg =2, m; = 1.
(1) 21> 09 = aqvl, 2> 0] = agvl, y > ) = azvl,y > 0] = ayvl,
zy> ) =aysovl =y vl =z =y> 0 =0,
(2) o> v} = 0] + avd, y > vl = azv + a0,
py>v) = zy>ol =ay>vl =arpol =20l =yl =yl =0.

A.2. Low dimensional supercomodules over Hi, Ho, H3s and H4. Let
V be a superspace of dimension m = mg + mq, where myg is the even part
dimension and my is the odd part dimension. Let {vi} be a basis of V,
where ¢ € {0,1},p € {1,--- ,mq}.

Proposition A.6. The supercomodule structures over Hi, Ha and H4 are
defined in the different cases as follows.
e Casemo=1,m; =0. (1) p(v)) =1@9, (2) p(v?) = (1 —22) ).
e Casemp=0, m;=1. (1) p(v}) =1@vl, (2) p(v}) =(1-22) @i
e Case mg =2, m; =0.
(1) (vl) (1 +m2)@0+12@0, p(09) = — @ +(1 - (2+ 1) 2)®
UQv (72 7& O)
(2) p(vl) =(1- 296) ® v, p(v9) = N @0} + 1 @3,
(3) p(vy) =1 & i, p(v5) = me ®of + (1 —20) @ vy,
(4) P(Ul) (1= 22) ® vy, p(v]) = (1 - 22) @13,
(5) p(1?) =1 @27, p(vg) = 1 ® v3.
e Case mg =0, m; = 2.
(1) P(U1) = (1-2x) ®v1, (v3) =z Qo] +1 ®027
(2) p(vl) (1-22)® vu p(vy) = (1 - 22) ® v3,
(3) plv}) =1®@vi, p(vd) =1 ®@vd.

(1) p(09) = (1 - 20) @09, p() = (1 - 20) @,
p(v) = Nz @ V) + Y21 © VY +1® 1Y,
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(2) p(v)) = 100}, p(v]) = 1@vY, p(vf) :mw®v1+72:r®vz (1- 2$)®U3,

(3) p(v?) = 1®v?+’ylx®v8,p(vg) = (1—2x)®v2, (1)3) = 72x®v2+1®v3,

(4) p(v}) = (1 = 22) @v) + 11z @ VY, p(vy) = 1 ® Y, p(vg) = Y27 @ v +
(1-2z2)® vg,

(5) p(v)) = (1-22)@), p(v]) = V2@V +1@09, p(v]) = V2z@v]+100},

(6) p(v}) =1 ’v?, p(v9) =z @ o] + (1 - 22) @ vy, p(v]) = Yoz @ v} +
(1-2z)® 1)3,

(7) p(v}) = (1 - 233) ® vp p(v 3) (1 —22) @ v3, p(vg) = (1 — 2z) @ v,

(8) p(v]) = 1@, p(v3) = 1 @13, p(vg) =1 @ v3.

e Case mg =0, m; = 3.

(1) pvy) = (1 - 217) @i, p(vg) = (1 - 22) @ v,

p(v3) =mz @ vf +72w®v%+1®v§a
(2) p(v}) = (1 —2z) ®017 (v3) = (1 = 22) @ v}, p(v3) = (1 — 27) ® vg,
(3) p(v%) =1®@vf,p(v3) =1@v3,p(v3) = 1@ v3.

Proposition A.7. The supercomodule structures over Hi are defined in the
different cases as follows.
e Case mg=1, m; = 1.

(1) p(@?) =(1 —23«“)®v1,p( 1= (%y—?%my)@vl +(1 —23«")@%

(2) P(’U1) (1-2z) @)+ (’Yly 2v12y) @ vf, p(vy) = (1 — 2z) @ vf,

(3) P(U(l)) 1®U17P(U1)_’Y1y®v1+1®”%7

(4) P(Ul) 1®vf +71y®v1,p(v1)—1®v1,

(5) p(v}) = (1*2@@”17 (v}) =1®@v],

(6) p(vl) 1@Y, p(v]) = (1 - 22) @ vy.

e Case mg =1, m; = 2.
(1) p(vl) =(1-22) @0}, p(v]) = (n(—3y +2y)) @) + (1 — 22) @],
v3) = (12(—3y + zy)) @) + (1 - 22) @ 0],

(2) p(vl) =120, pv]) =11y @) + 1@ v], p(v3) = Y2y ® v) + 1 © vy,

(3) p(vf) = (1*2$)®v?+(71(*%y+xy))®v%+(72(*%y+xy))®v%,
p(vl) = (1—2w)®v1,p( 3) = (1—2x)®v%7

(4) )—1®vl+”)/1y®vl+72y®1)2, @%):1@@”(@;):1@@;,

(5) P(Ul) = (1-22) @00, p(v}) = 1@ ], p(v3) = (N (—3y + 2y)) @) +
Yor @ vi + (1 —27) ® vd,

(6) p(v]) = 1@0}, p(v]) = My @} +1001, p(v3) = 3N YV2Y @ V) + 722 ®
vf + (1 - 22) ® vy,

(7) p(v}) = 1®v?+my®v%+%vmy®v%,p(v%) = 1@v{+y20@03, p(v}) =
(1—22) @0y,

(8) p(vd) = (1-22) @0} + (m(—%yﬂy)) Dy, p(v1) = 1@ 0] + 720 ®

U27 (v%) (172:E)®’U27

9) P(U1) =1@,p(vf) = (1 - 22) ® ”1 P(UQ) =(1- 233) ® vy,

(10) p(v?) = (1 —22) ® v}, p(vy) = 1 @ v{, p(vy) = 1 ® vy.

e Case mg =2, m; = 1.

(1) q(v?) =1 ®0v‘f Nz v, p(v9) = (1 = 22) @ 09, p(v]) = 2y @ vf +
3772y ® vy +1® vy,
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(2) p(vl) =100+ vz 0] +v(—y +2y) @9, p(0d) = (1 - 22) ®

72(y—22y) 1
+ —n ®un

(Ul) (1- QI) @i, (n #0)
(3) p(v?) = 1@ ) + maz @Y, p(vf) = (1 - 22) © v9, p(v}) = Y2(—3y +
ay) @ v3 + (1 - 22) @ vy,
(4) p(v]) = (1 —22) @ V) + 71 (—3y + zy) @ v}, p(v9) = (1 — 22) @ v +
72(—%y+xy)®v%7
P(Ul) (1 72x)®1)1,
(5) (U1)—1®U1 +'Yly®'017 p(v3) =1®v) +’V2y®U17 p(v}) =1®vf,

()p(vl):(l—%)@vl, (v9) = (1 - 22) @3,
p(vl)=’n( y+xy)®v?+72(—%y+wy)®v8+(1—2w)®vi
(7) p(v?) = 1@, p(v3) = 1@, p(v}) = Ny @ V) + 72y @19 + 1 @ i,
(8 ) p(vl) =10v) + 11y @v, p(vY) = Yz @) + (1-22) ©v3 + F7172y ®
7)17 (v%) = 1®v%v
(9) p(vl) =1®20,p(v3) = ma @) + (1 - 22) @ 0§ + 12(—3y + 2y) @
v, p(vi) = (1 - 22) ® vy,
(10) p(vl) = (1-22)®v], p(v9) = @V} +1@vy+12y®07, p(v]) = 1®07,
(11) p(v?) = (1 = 22) @ V) + n(=3y + 2y) ® v}, p(v]) = 1 ® o, p(v) =

(1—2w)®v%,

(12) p(vf) =1 @), p(vf) = (1 — 2z) @ 09, (U1)_71y®”1+1®1’1’

(13) p(vf) = 1@ o}, p(v9) = (1 = 22) ® v3, p(v}) = 1 (—5y + xy) @ V) +
(1-2z)® vy,

(14) p(v?) = (1 —2z) @7, p(vy) = 1@ vy, p(v]) = My @ vy + 1 @ vy,

(15) (o) = (1 - 20) @ o0 p(e) = 1@, p(v}) = (1 (~ by + ) @ { +
(1-2z) ® i,

(16) p(v)) = (1 —2z) @ v}, p(vy) = (1 — 2x) @ 1Y, p(v]) = 1 @ v,

(17) (o) = 1 o, p(u3) = 1 & 08, p(v}) = (1 - 22) & v].

Proposition A.8. The supercomodule structures over Ha are defined in the
different cases as follows.
e Case mg=1, m; = 1.

(1) (vl) =(1-2z) ®v?,p(v%) =y © v + (1 - 2z) ®v%,
) =12, p (Ul)*(’Yly*271my)®v1+1®vlv
) p(v)) = (1_21")®U1 + 7y @i, p(vy) = (1 - 2z) @ vf,
) p(1]) =1 @00 + (n1y — 2mizy) @ i, p(v}) = 1 @ 0},
) 0) = (1*295)@”1’9(”%)_1@”%»

?) =

oCasemO:I mp = 2.

(1) p(of) = (1 —22) ® Ul: p(v}) = my @] + (1 - 22) @ v, p(vz) =
Yoy & vl (1 —2z)® v2,

(2) pgv?) = 16?01, p(v1) = (my — 2mzy) @) +10v1, p(vy) = (y2y — 2722Y)®
vl _|(; 1 ® UQ’ 0 1 1 1 1

(3) pv]) = (1 = 22) @ v} + M1y @ vy, plvy) = (1 = 22) @ v, p(vy) =
72I®U%+1®U%,

(4) p(1?) = (1-22) @V +ny@vi +729®03, p(v]) = (1-22) @01, p(v}) =
(1 - 2%’) oY U%a
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(5) p(v)) = 1@} + (y1y — 2n12y) @ vi + (2y — 222y) ® v}, p(v]) =
1@}, p(vd) =1® v,

(6) p(v}) = (1 —22) @27, p(v}) = L@ vy, p(vy) = Ny @1} + 7z @i +
(1-2z) ®vl,

(7) p(09) = 120, p(e}) = (1 - 22) @ vl p(vd) = (321 — 2109) @ 0 +
")/2.7]'®U%+1®’U%,

(8) p(vl) =1®W + (my — 2m2y) @ v3, p(vi) = (1 — 22) @ v} + Yz ®
7)2’ (U%) =1 ®U%,

9) p(¥?) = (1-22) @7, p(v}) = (1—22) @21, p(vd) = ’ylx®vl+1®v2,
(10) p(vl)—1®v?,p(v1>—1®v1+w®v2, p(vg) = (1 - 22) ® 03,
(11) P(?ﬁ) = 1@, p(v]) = (1 - 22) @ v{, p(vy) = (1 - 2z) ® v},

(12) p(v}) = (1 = 22) @ v, p(v}) = 1 @ vy, p(v}) = 1 @ 3.
e Case mg =2, m; = 1.

(1) p(v]) = (1 + mz) @ +y2008, p(v]) = — 2 a@ud+(1 - 2+ 1) 2)®
g,
p(v]) = (1 -2z) @ v, (12 # 0)
(2) p(of) =1 ® 0]+ ® g, p(v3) = (1 = 22) @ v, p(v}) = 1® vj,
(3) p(0}) = (1 = 22) @) +ma ®v27p(v3) =1®v,p(v]) = 1®vj +
(my — 2mzy) @03,
4) p(}) = (1= 22) @2, p(v]) = ma @ o) + 1@ ), p(v]) = 2y @ vf +
(1-27) @},
(5) p(v]) = 1@v7, p(vg) = (1 -22) vy, p(vi) = 1Y @ve+(1—21) @0y,
(6) p(v)) = (1 —2z)©0?, p(vf) = (1—22) @0, p(v}) = NYR V) + 72y ©
v) + (1 — 22) ® v,
(7) p(v]) = (1-2z) @1 +7y@vi, p(v]) = (1-22)@v3+y2y@v7, p(vi) =
(1-27)® v},
(8) p(v]) = 1@} +(ny — 2nay) @i, p(v]) = 1Y + (Y2 — 2722Y) ©
U%?/’(U%) =1® U%v
(9) p(v) = 1007, p(v3) = 10003, p(v1) = (My = ney) VU7 +(r2y — 27229)®
vy +1® 0y,
(10) p(v)) = 1@, p(v3) = (1 -22) @) +my@vy, p(v}) = (1 —27) Vi,
(11) p(v?)f L@ o] + (ny — 2nay) ® vi, p(vd) = (1 - 22) © v, p(v]) =
1 ®y,
(12) p(v) = (1 = 22) @07, p(v]) = Mz @ v) + 1@ VY + (Y2y — 2722Y) ®
vip(vi) = 1@,

—

(13) p(v?)z(l%x)@vﬁm@vp (v2)71®v2, (v %):(14@@@1,

(14) p(vf) = 1@2], p(v3) = @V +(1- 29:)®v2, p(v}) = (1—2z) @],

(15) p(vf) = 1@ 07, p(vd) = (1 = 2z) ® v, p(v1) = (MY — 2m12y) @ vf +
1®v%,

(16) p(v?)1= (1—22) @), p(v9) = 1@ Y, p(v1) = (My — 2m12y) @ VY +
1® vy,

(17) p(v}) =1 @ v, p(v]) =1® vy, p(vf) = (1 — 22) ® vy,
(18) p(o?) = (1 - 20) @ 00, p(od) = (1 — 22) @ o], p(o}) = 1 & vl
Proposition A.9. The supercomodule structures over Hy are defined in the

different cases as follows.
e Case mg=1, m; = 1.

(1) pv?) = (1= 22) @27, p(vy) = (M(y — 22y)) @ v] + 1@ vy,
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) p(v]) = 1@}, p(v}) = 11y @ v + (1 - 22) @0y,
) (U1) (1-22) @ v} + my @i, (U1)—1®U17
) p(1)) =1 @) + (1 (y — 22y)) @ vi, p(v]) = (1 - 22) @ vy,
)p(vl) (1—22) @}, p(vf) = (1*2x)®vl,

(6) p(v?) =1 @0}, p(v) = 1 @0y

e Case mg =1, m; = 2.

(1) p(vl)—1®v1+m( —2xy)®v%+w(y—2xy)®v%,
P(’U1) = (1 -2x) ®U17ﬂ( 5) = (1—2z) ®’U%7

(2) P(U%)) (1-2z) @0} +71y®v1+72y®v2,p(v1) = 1®”17F’(U%) = 1®vy,

(3) p(vf) =1 ®v?,p(vl) 1y @0 + (1 = 22) @ vy, p(vy) = 12y @ V) +
(1-2z) ® i,

(4) p(v]) = (1 —22) @ vf, p(v]) = Ny — 2zy) @ v} + 1 ® v}, p(vy) =
Yoy — 22y) @ vf + 1@ vy,

(5) p(vl) = 1@}, p(v}) = 1®?{%,p(v%) = %y®vi’+w§:®v%+(1*2x)®v%,

(6) P(U1) (1- 237) ® U17 p(vy) = (1 =2z) ® vy, p(vy) = 11(y — 22Y) ®
W + vz @ vi +1® vi,

(7) p(v]) = 1@ +71(y — 22y) @ v} @i, p(v]) = (1 - 22) @}, p(vg) =
’72$®U%+1®’U%,

(®) p(}) = (1 - 22) @) + My @i, p(vf) = 1@ v}, p(v3) = 1r @ v +
(1-27) ®vd,

(9) plof) = (1 =20) @ o, ple}) = (1~ 20) &0k, p(oh) = (1 - 20) @

(10) p(v) =1@ vy, p(v7) = L@ vy, p(vy) =1 @ vy
e Case mg =2, m; = 1.

(1) P(Ul) = (1 -2x) ®U1 +’71I®Ug,p(vg) =1 ®v(2),

N

p(vi) = 2(=2y + day) ® v + (y2(y — 22y)) @ v3 + 1@ v}, (11 #0)
(2) p(vy) = £®U1+’Yl$®’vz’ﬂ( 9) =(1-2z) @},
P(U1) = Wy®'01 + 72y @ 0§ + (1 — 22) ® v, (11 # 0)
(3) p(uf) = (1 - 22) © of, p(u8) = (1 - 22) © oL,
p(vl) (%(y—?wy))®v?+72(y—2xy)®v3+1®v%,
(4) (01) 10, (02)—1@)”27 (U1) 71y®v1+’ygy®’02+(1 255)®U17
(5) P(U1)l_ (1-22)@0) +71y@0], p(vg) = (1-22)@v3+2y@v1, p(v]) =
1 ®wy,
(6) pv?) = 1@ o} + (n(y —22y)) ® vf, p(v3) = 1® v + 72(y — 20) @
Ulap(vl) (1_21")@”17
(1) po8) = 1800, p08) = (120008, ) = 0 (y—2o) E0d+1801
(8) p(1}) = 1@ 27, p(vg) = Mz @ v + (1 — 22) ® v3, p(v3) = 2y @) +

(1 - 21") ® U%a
(9) p(vg) = 1007, p(v9) = N2@V)+(1-22) Qv +y2y@01, p(v]) = 1907,
(10) p(v)) = 1@ ) + 1y — 22y) @ vi,p(v)) = (1 — 22) ® v, p(vi) =

(1—29c)®v1,
(11) ( 0) = (1*2w)®vl,( 9 =rnr@v) +1019p(v1) = 2y —21y) ©
U1+1®U1,

(12) 0(01) = (1—2$)®U17P(’02) =1®vY, p(v]) = Ny @vd+ (1 -22) @],
(13) (vl) = (1 —22) @), p(1)) = mz @ v} +1 @) + 7y — 22y) ®
p(vi) = (1 —2z) @ vi,

(14) P(v1 = (1-22)@v) + 11y @v], p(v3) = 1z @) +1QV) — §7172Y @
p(v}) = 1@ ],
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(15) p(v) = (1 —22) @ o), p(vd) = (1 - 2) ® v871p(v%) = (1 -2z) @0y,
(16) p(ed) = 1@ o0, p(u) = 1@ o], p(u}) = 1 v1.

Proposition A.10. The supercomodule structures over Hs are defined in
the different cases as follows.

e Case mop=1, my =0. p(v)) =1x.

e Case mo =0, my =1. p(vi) =1®@v].

Proposition A.11. The supercomodule structures over Hs are defined in
the different cases as follows.
e Case mg =2, m; =0. p(v)) =1@,p(v]) =1® vz,
e Case mp =0, m; =2. p(vi) =1®@v},pvd) =1
e Case mg=1, m; = 1.
(1) p(v)) = 1@}, p(v]) = (112 + 72y) @} + 1@ vy,
(2) p(tf) = 1@ 1) + (nz +my) ®vf, p(v]) = 1@ of.

Proposition A.12. The supercomodule structures over Hs are defined in
the different cases as follows.
e Case mg =3, m; =0. p(v}) = 1@, p(v)) = 1®v2, (v9) =1 @19,
e Case mo =0, my =3. p(v]) =1®v],p(v]) p(vi
e Case mg=1, m; = 2.
(1) p(}) = 1@?, p(v}) = (M2 + Y2y)@v]+1®v], p(vy) = (132 + YY) ®
W1,
(2) p(1?) = 1@ o) + (ma +72y) @ vi + (132 +my) @ v3,p(v]) =1
U%,p(v%) =1® U%'
e Case mg =2, m; = 1.
(1) p(vf) = 1@ v} + (12 +72y) © v, p(v3) = 1® v + (137 +y) ®
ol plod) = 1@ ol
(2) p(v}) = 1@2¥, p(vS) = 100, p(v}) = (M +72y) @) + (332 + ay)®
W+1®vi.

A.3. Low dimensional supermodules superalgebras over Hi, Ho, Hs
and H4. Let A be the superalgebra of dimension m = mg + m1, where mg
the even part dimension and m; is the odd part dimension. Let {v} be a
basis of A, where ¢ € {0,1},p € {1,--- ,mg}.

Proposition A.13. The supermodule superalgebra structures over Hy and
Hy are defined in the different cases as follows.

e Casemp=1, m =0. 2>v] =

° Casem0—2 m1—0

(1) v2v2 =0, 2> =z} =0, (2) vJvd =109, 2>0) = F) +
v), 2 > 0] = 0.

e Case mp=1, my = 1. viv} =0,

(1) y>of = A, a0l = zysol =0, (2) 2>0vf = vf,y>ovi = 2y>ol =0.

Proposition A.14. The supermodule superalgebra structures over Hi and

Hy are defined in the different cases as follows.

° Casemo—?) mi1 = 0.

(1) 0303 = 09,0909 = 90§ = V] =), 2> v) = 2> 0] = (-] + 0§ +
vd), x > vl =0,

(2) 0309 = 08, 090] = v§vd = 09, v§v) = 0, > v =03, 2> 0) =z >0§ =0,
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(3) 909 = 18,090y = v30) = 1] =0, 2> 0] =1, x> =z > 0] =0

(4) v909 = 8] = vv] = v =0, x> 1] =Y, 2 > V] = A,z >0 =0,
(5) v = 8] = v§0] = VI =0, 2> 1] =Y,z > v = 0],z >0 =0,
(6) v8v] = 18,0909 = v, vIVY = VJv) = 0, z>v) = M), 20 = 0], 2> =
0.

e Case mp =1, my = 2. viv} = vivd = vlv] = vivd =0,

V) z>vi=vhzpvi=vly>vi =y>vl =2y vl =ay>0l =0,

(2) z>vi=vh 20l = vl iy vl =y vl =2y ol =y >0l =0.
oCasem0:2 mp = 1.

(1) 02112 = vjvi = vlvg =i} =0, z2>0) =), x> 0] =0, y>d =
zy > 09 = (1 —a)\jvf,

y > vl =2y > vl = a0,

(2) v909 = v} = v}) = vivl =0, y> ) = (1 - a)\v],y >0l =

CL}\Q’U2,$|>’U8—$|>’U%—$y|>’(107$y|>’1)%:0,

(3) v2v2 = viv} = vl = vlvl =0, 20 = (1—a)v), z>v] = av],y>v) =
ybv%jxybovzl—xylbovl— T 1,1 0 1 1
(4) v80) = vJv = viv) = 0,vivl =Y, 2>l = (1 —a)vl,y> ol =
arvd, x>0y =y >v) =y > 0§ =zy >0l =0,

0,0 _ 1,1 0,21 1,0 1 _ 1 1
(5) V0] = viv] = v, Vv = vl = v}, Tl = (1 - a)vl,y> vt =
a)qvg,xbvg—yb g—xyl>vg—xy>v1—0,

0,0 — 7,0 0.1 11,1 — 1,0 _ 1 1 0 _
(6) vyvg = vg,v3vy = vy, V0] = vivg =0, x> v; = (1 —a)vy,y > vy =
a)\lv%,xbvgfybv%:$y|>v8:xy>v%:07

0,0 — 7,0 0,1 1,0 1 1 _ 1 _ 1 1 _
(7) v908 = v9,09v] = v} = vi,vfv] =0, 2>0v} = (1 —a)v],y>v] =
a0,z > vy =y >v) =2y > 18 = zy > ol =0, with a = {0,1}.

Proposition A.15. The supermodule superalgebra structures over Ho are
defined in the different cases as follows.

e Casemg=1,m; =0. 2> =0,

e Case mg =2, m; =0.

(1) W) =0, s> =),z >0) =0, (2) v30) =), z>v) = S +
v), 2 > 0) = 0.

e Casemp=1, my =1. viv] =0, 2> v] =v],y>v] = Ao}, 2y > 0] =0.

Proposition A.16. The supermodule superalgebra structures over Ho are
defined in the different cases as follows.
e Case mg =3, m; = 0.

000 — 20 1900 — 940 — 190 — 0 1004 ,0
(1) v903 = 09,0908 = v§v) = V] =, 2> 0] =z > 0§ = (-] + 0§ +
v)),z >0 =0,
(2) v309 = 19,0909 = v§vd = 03, V8] = 0, > v =03, x>0} =z >0§ =0,
(3) vgvgfvg,vgvg:vgvgzvgvgzo,xbvg:vg,xbvoszvozo
(4) v909 = v§vY = v§0] = V] =0, x> 0] = VI, x > VY —Alvz,xbvl =0,
(5) v909 = 8] = v§0] = VIl =0, x> 1] = v,z > V) = 0],z >0 =0,

gV = VaUz = U3V = V33 = U, 2 = Uy, 3 Uy

9,0 —,0 ,00__,0,0,0__,0,0 _ 0_ _ _
(6) vyvg = vs, v5v3 = V3, v3vg = v3vg = 0, T>vy = )\1U3,xl>v3—v3,xl>v1—

e Case mog =1, my = 2. viv} = vivd = vlv] = vivd =0,

() z>vi=vhzpvl=vly>vi =y>vl =2y vl =ay>0l =0,
(2) x> vl =vl, 20y = AMv],y> vl =y >l =2y ol =zy>0l =0.
. Casem0=2 mi = 1.

(1) v309 = vJvt = v} = vivl =0, 2] = arl, x>0 = (1—a)v}, y>09
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zy >0y = (1 —a)\ol,y> vl =2y > v = a0,

(2) 909 = vJvi = viv) = vivl =0, 2] = (1-a)1), x>0 = av},y>0) =
(1—a)\vl,y> vl =alvd, 2y > 0] = 2y >v] =0,

(3) vg § = vgv% =0}l = viol =0, 2> 0 =), 2 >0l =0,y =
yDvl—xyDU ::ByDU}—O

(4) vgvg = v} =vfd = 0,0}l =18, 2> 0] =0l y> ol = \0d, 2> 00 =
yl>v2:xy>v2=xyl>v1—0

(5) 1)2118 =viv] =08, v3v] = v} = v}, 20 = o]y ol = M) 2 >0) =
yl>'u2fxy>vzf;ryl>'ul—0,

(6) V308 = v, vIvi = v, vivi = viv) =0, 2> 0] = v}y > V) =2y > 0] =
Mol z >0 =yl =2y ol =0,

(7) v = 18, v9v] = vivd = v}, viv] =0, e>v = vl Yool = A0, 200 =
y >0y =ay>0vd =zy>ovf =0, with a = {0,1}.

Proposition A.17. The supermodule superalgebra structures over Hs are
defined in the different cases as follows.

e Casemg=1, m; =0. zy> 1) =0,
e Case mo =2, m; =0. ay>v) =2y >0 =0,

e Casemg=1, my = 1. v%v% =0, xl>v} = Alv?,ybv% = )\gv?,xybv% =0.

Proposition A.18. The supermodule superalgebra structures over Hs are
defined in the different cases as follows.

e Case mg =3, m; = 0. xybv(f:xybvg:xybvg:(),

e Case mg =1, my = 2. xl>v%:xl>v%:yl>v%:yl>v%:xyl>v%:
zy > vy =0,

e Case mg =2, m; = 1.

(1) 90 = vJv} = vl = vivl =0, 2y > ) = 2y > 0] = 07m|>v8 =
(1—a)/\11)1,xl>v% :a)\QUQ,yl>v2 (1—a))\3v%,y>v% —a)\4v2

(2) v909 = vl = v}l = 0,0v{vf =Y, 2> vl = A\, y > vl = A0, 2y >

vg:xyl>v1:xl>v2:yl>v2:0,

(3) v309 = viv} =0, v3v} = Vi) = vf, >Vl = Al y > o] = M), 2y >
v%zazybv%szvg—yD%—O
(4) 309 = 9, v8vl = vi, vivl = vhed =0, 208 = Aol y>0) = Aol zy>
v=zy>ovi=z>vl =yl =0,
(5) 309 = 3, Vvl = viv] = vl vivl =0, 20 = Al Yy o} = A0d, 2y >

v =ay>of =z>0] =y>0d=0.

—
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